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Abstract For adaptive representation of nonlinear signals, the bank M of
real square integrable functions that have nonlinear phases and nonnegative
instantaneous frequencies under the analytic signal method is investigated. A
particular class of functions with e glicit e qressions in M is obtained using
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recent results on the Bedrosian identity. We then construct orthonormal bases
for the Hilbert space of real square integrable functions with the basis functions
from M.
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1 Introduction

The classical Fourier basis has been proven to be an ef{fent approach to
represent a linear and stationary signal. However, it is not ef cient to represent
a nonlinear and nonstationary signal (cf., [11]). There were many methods
([4,6,11,13 15,19] and the references therein) proposed recently to overcome
the shortcoming of the Fourier analysis from both empirical and mathematical
points of view. In particular, the study of the instantaneous amplitude and
frequency [11] of a nonlinear and non#tationary signal has attracted much
attention. A common approach to de"ne the instantaneous amplitude and
frequency is through the Hilbert transform. It is desirable to construct ortho-
normal bases for the Hilbert space of real square integrable functions which
have nonlinear phases and admit well-behaved Hilbert transforms. The goal
of this paper is to present general onstructions of such orthonormal bases.
We begin with recalling the de™nition ofthe Hilbert transform. The Fourier

transform f of a function f € L'(R) is de*ned by
F&) = F @ = [ Feetax, Eer

We can e send the Fourier transform to a unitary operator ([7], page 20) on
L*(R) through a standard approjmatit process [10]. The Hilbert transform
H is a bounded operator on L?*(R) de*ned via the Fourier multiplier —isgn,
where sgn(§) taiﬁs values —1,0 and 1 for & <0, { = 0 and § > 0, respectively
(cf., [10]). Speci“cally, we have for each f € L*(R) that

(Hf)E) = —isgn(€) f(§), & eR. (1.1)

Set L2(R) :={f: f € L*(R), fisreal-valued}, which ?a Hilbert space over
R. The analytic signal Af of a function f € L?(R) is de"ned by

Af = f+iHf.
It may be rewritten as

(AN@) =y (@O, teR (1.2)
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Orthonormal bases with nonlinear phase

with y > 0 and ¢ a real function. The above equation gives f an amplitude-
frequency modulation

f@O=y@®coso(), teR.

The values y () and @(¢) above are then considered as the instantaneous
amplitude and phase of signal f at time ¢, respectively. Note that the derivative
¢’ taken as the instantaneous frequency of f is physically meaningful only if
it is nonnegative. We say that f admits a well-behaved Hilbert transform if the
derivative of @ in (1.2) is nonnegative.

In general, a real signal may not admit a well-behaved Hilbert transform.
The empirical mode decomposition (EMD) introduced in [11] is a numerical
algorithm aiming at decomposing a signal into a sum of signals each of which
admits a well-behaved Hilbert transform. The analytic signal method can
then be applied to each summand to yield a sound energy-frequency-time
distribution. The EMD algorithm works well for many applications but at
the same time it does not for some cases. It is desirable to build a solid
mathematical base for the algorithm. Tl}_ﬁre are two stages in building such
a base for the useful algorithm, [21]. The st is to construct a large bank M of
functions f € L?(R) such that

(ANQ =y©Oe*?, y(©) =0, ¢'() =0, 1R, (1.3)

The second is to establish an adaptive and rapid algorithm to decompose an
arbitrary function f € L2(R) into a sum of functions in M with the summand
decaying fast.

This paper serves as a “rst attempt to the above two stages. We simply
aim at enlarging the e_asting class of functions with e_glicit e qressions in M,
and providing a way of decomposing a square integrable function into a sum
of functions in M. We shall not emphasize the physical meaning of such a
decomposition. Neither shall we discuss the decayness of components of the
decomposition, which, however, deserves careful attention in the future. We
intend to address the issue in another occasion. L‘

The e gosition of the paper is organized as follows. We “rst construct in
Section 2 a class of functions with e glicit e garessions in M using recent
developments [20, 23] on the Bedrosian identity [2]. To decompose a function
f € L2(R) into a sum of functions in M, we construct orthonormal bases for
the real Hilbert space L2(R) with the basis functions in M. Two constructions
along with concrete eamples are presented in Sections 3 and 4. Finally in
Section 5, we give similar constructions of orthonormal bases for L2[—T, ],
the Hilbert space of real functions in L?[—Tt, ].

2 Functions admitting a well-behaved Hilbert transform

We construct in this section functions that admit a well-behaved Hilbert
transform. An approach for constructing functions in M was proposed by the
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fa

third author in 2002. It is to “nd nonnegative y € L?*(R) and real ¢ € C'(R)
satisfying the nonlinear singular integral equation

[H(y ()cos@(:NI@) =y () sin@(r), 1R 2.1)
subjected to the constraint that
do(n)

Motivated by this approach, we shall “rst consider an equation similar to (2.1)
for periodic functions and then obtain functions in M through the Cayley
transform. Let us make preparations for this by introducing the Hardy spaces
[8,9,18].

Set U:={zeC:|z|<1l} , dU:={z€C:|z]=1} and C, :={z€C:
Im (z) = 0}. The set of all the holomorphic functions on C; and U is denoted
by H(C.) and H(U), respectively. We shall work on the Hardy spaces

H(C,) = {h e H(C,): sup{/ |h(x +iy)|>dx : y > 0} < oo} ,
R

H%(U) := {h e H) : sup{/]T |h(re™)|?dt : r € (0, 1)} < oo} ,

—T

H>*(C,) == {h € H(C,) : sup{|A(2)| : z € C1} < oo},

H>*(U) := {h € H(U) : sup{|h(2)| : z € U} < o0}.

£

For a ™ &d a > 0, we introduce for each ¢ € R the cone in C.

o) i={z=x+iyeCy:|x—1 <ay}.

For each f € HP(C,), p € {2, o0}, there e _dsts a g € LP(R) such that for almost
every t € R there holds

lim  f(z) = g(®).

MOENad]
Likewise, if we set for a ™ _ed € € (0, 1) and for every 8 € [—T, ]
(@) :=A® + (1 =Nz:A€(0,1), |z] <€}

then there e_dsts for each f € H”(U), p € {2,000}, a g € L?(0U) such that for
almost every 6 € [—T, TT]

lim  f(z) = g(e®).

e(e®)sz—ef

In both cases, we call the function g the nontangential boundary limit of f,
which is independent of the choice of the a > 0 or € € (0, 1). For simplicity,
we shall use the same notation for a function in Hardy spaces as that for
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its nontangential boundary limit. The spaces H*(C,) and H?(U) are Hilbert
spaces endowed, respectively, with the inner products

g, = /R fOz@Ddr, fg € H(Cy)
and

l n T T
(fomwew=o-[ f (eMgleMdr, f,g € H*(U).
—T
These two spaces are connedied through the Cayley transform. The confor-
mal mapping from C, to U de™ned by

i—Ww

Kw):=——, weC 2.3
W) =, weC, 23)
is called the Cayley transform and it e 4ends continuously as a bijective
mapping from the e 4ended real line to dU. The correspondence between the
boundaries is

i—

e’ = K(t) = , teR, se(—m,mn),

1+t
which implies
s = 2arctant, t € R. (2.4)

Wijh the Cayley transform, the linear transformation T from H?(U) to H?(C,)
de™ned for f € H*(U) by

Ll (o) (2.5)

Tf:zﬁl—lz

is an isomorphism ([7], page 19).

The Hilbert transform, as indicated by the analytic signal approach de-
scribed in the introduction, is fundamental in the time-frequency analysis of
square integrable signals. Its counterpart in the}imfrequency analysis of
periodic signals is the circular Hilbert transform H de*ned for f € L*[-m, ]
by

(H)(@) =) —isgn(k)e( )™, te[-m,m, (2.6)

keZ
where ci( f) is the kth Fourier coef‘f:ient of f de™ned by

ci(f) ::% i f(H)e ™ dr. (2.7

We wish to construct functions with e glicit e gressions in the bank M of
functions f € LZ[—m, ] such that

(f+iH O =p®e®D, pt) >0, 8'(t) > 0, t e [-m,m]

@ Springer



T. Qian et al.

and orthonormal bases from M for L?[—m, m]. The lattefi question is post-
poned until Section 5. Functions in M may be obtained by “nding nonnegative
p € L*[-m,m] and real 8 € C'[—T, ] with a nonnegative derivative such that

[H(P() cos B(NI() = p(1)sinB(), ¢ € [T, . (28)

This section is devoted to constructing functions in M and M with e_zlicit
e qressions. The construction method is to solve (2.1), (2.8) with a prescribed
phase function.
Let N be the se‘t-ﬁf all the positive integers and Z; := N U {0}. To enumerate
nite sets, we de"ne for each n e N, N, :={1,2,...,n} and Z, :=1{0,1,...,
n—1}
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By a necessary and sufcient condition for circular Bedrosian identities
establish@ in [23], (2.12) holds if and only if the following three equations
are satis" ed

Y cilP)e- (@) =D e i(p)ei(e), (2.13)
jeN jeN
cr(P)eo(8) +2 ) s f(P)e—j(8) =0, keN, (2.14)
jeN
c_i(P)eco(®) +2 ) e i(p)ci(g) =0, keN. (2.15)
jeN

Noting that p isreal and 0; € R, j € Z, we have that

| 1 :
c-j(p) = ci(p), co(g) = o, ¢(g) =c—;(g) = EC;'(ele) = 3%, jeN.
The above relations imply that (2.13), (2.14) and (2.15) are of the forms

> (ei(p) — c-j(P)a; =0, (2.16)
jeN
c(P)o + Dy j(p)a; =0, k€N, (2.17)
jeN
ck(P)o+ Y cxj(P)a;=0, keN, (2.18)
jeN

wherd (2.17) and (2.18) are equivalent. Thus, we get that p € L*[—m, 1]
satis"es (2.8) if and only if there holds (2.16) and (2.17).
By the Parseval identity for L*[—Tt, 1], (2.17) is equivalent to that

T

/ Z cir1(p)e’ | ekte®dr = 0, k € Z,,
T \Jjezy

that is,

1—)\/'€il
Eit—)\j

dt=0, kez,. (2.19)

/ (Z cm(mel‘ﬂ) e ]

/€Z+ jENn

Equation 2.19 holds if and only if there e dsts [¢;: j € N] € 2(N) such that

(ch+1(p)eijl) [T =xe" = (Zc,-e—fﬂ) [TE =2), tel-mml

jeZy JjeN, jeN JjeN,
(2.20)
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The highest order of the trigonometric series on the right hand side of (2.20)
is n — 1, while the lowest order of the trigonometric series on the left is 0.
Consequently, the trigonometric function series e qressed by both sides must
have orders 0 to n — 1 only. Therefore, if (2.20) holds then there e dsts b ; € C,
j € Z,, such that

(Z C_;+1(p)ei’t) [T =ne) =Y be, tel-m,ml (2.21)

jez. jeN, j€zZ,

Conversely, if (2.21) holds for some b; € C, j € Z, then (2.20) is true for some
[c;: je€ N] € %(N). We hence conclude that (2.17) holds if and only if there
edsts bj € C, j € Z,, such that (2.21) Molds.

Suppose that p € L2[—T, 1] satis”es (2.8). By the discussions above, there
holds (2.16) and (2.21) for some b; € C, j € Z,. Since p is real, we obtain from
(2.21) that

eit ) b,eijt
Z]e—z,,/'en)> +co(p), te[-m,m].

Pl) =2Re (n,-eN,,(l Y

Using the above e q@ression of p, we conclude that (2.16) is of the form

dr=0.

/ z,ez Tm (by)e "
_ ]EN (1 —Ajeit)

Through a change of variables, the above equation can be written as

ZjeZn Im (bj)Zn_l_j
w2 HjeN,,(l —Ajz)
By the Cauchy integral formula (2.10), we have that Im (b,-;) = 0.

On the other hand, if p has the form (2.11) forb; € C, je Z,_yand b,_;,c €
R, then we have that

dz =0. (2.22)

1 oljt
32 i€z, bje

cii(p)el = == —
Z j+1 l_[jeN,,(l — )\]_ett)

jeZy

te[—m,m], (2.23)

£

which implies by the equivalence of (2.21) and (2.17) that (2.17) is satis"ed.
Equation 2.22 then follows from the Cauchy integral formula and b,_; being
real. Together with (2.23) and the Parseval identi Iﬁ for L2[—m, ], (2.22) leads
to (2.16). Consequently, we conclude that p satis™es (2.8). o

One can always choose big enough ¢ in (2.11) so that p given there is
nonnegative. We conclude in this case that pcos® for p and 6 so chosen is
contained in M.
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We ne &.construct functions in M with e _glicit e qaressions. In this case, we
choose @ to satisfy the equation

. 1+t eiZarctant —\;
i0() _ j
© T UTre jle—N[ [ A’ '€ R, (2.24)

where n € Miand A; € [0, 1), j € N,. It can be veri“ed direc#ly that ¢ de™ned
above satis™es (2.2). Our ne &task is to construct y that satis™es (2.1) given ¢ in
(2.24). Along this line, we need the following characterization of nontangential
boundary limits of functions in H*(C_) (see, for e ample, [9], page 88 and [16]).

Lemma 2.2 Functions f,g € L2(R) satisfies the equation Hf = g if and only if
f + ig is the nontangential boundary limit of some function in H*(C,).

A similar result holds for the space H?(U) (see, for e ample, [9, 18]).
Lemma2.3 Let f e L*[—m, ). Then there exists a nontangential boundary

limit h of some function in H*(U) such that f = h(e") if and only if c_;(f) =0
forall j e N.

We are now ready to present a construction of y.

Theorem 2.4 Let n € N and @ be given by (2.24) with Aj € [0, 1), j € N,. Then
a real functiony € L*(R) satisfies (2.1) if and only if there exists b; € C, j € N,

and c € R such that
. b vei2jarctan t
2 jen, b > +c> , 1€R. (2.25)

1
)= ——(Re A
y( ) a T2 ( <HjEN,,(1 _ )\/.etZarctan t)

Proof Let ¢ be areal function on R as described in the assumption. We set for
each functiony on R

p = (\/1 + t2y> o tan(3). (2.26)

One can see thaty € L?*(R) if and only if p € L?[—m, Tt]. Note also that there
holds
ye?(1 —if)) o K~'1(e") = p(s) €Y, 5 € (—m, M), (2.27)

where 8 is de"ned by (2.9).

Lety € L2(R). Denote by B(C.) and B(U) the set of nontangential bound-
ary limits of functions in H*(C,) and H?(U), respectively. We claim that
ye'? € B(C,) if and only if there e dsts an & € B(U) such that

h(e") = pe®. (2.28)

Firstly, if ye® € B(C,) ‘_ﬁlen by the isomorphism (2.5), h := (ye®(1 —it)) o
K~! € B(U) and it satis™es (2.28) by (2.27). On the other hand, suppose we
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Iy ho K

have an & € B(U) that satis™es (2.28). Still by the isomorphism (2. 5) y
—1
B(C.). We obtain by (2.27) and (2.28) that

(h o K)(1)
I —it

€

y (1)e®® = , teR,

which proves that y ¢/ is contained in B(C,.). L‘
It follows by the above claim, Lemmas 2.2 and 2.3 that y satis"es (2.1) if and
only if there e dsts [0, : j€ Z.] € *(Zy) such that

p(s)e®® = (Z c,-(p)e’ﬁ) 1_[ lels e Z ae”, se[-mm]. (2.29)

jez jeN, J jez,

By the de™nition (2.26), y is of the form (2.25) if and only if p has the following
form

. b ijs
p(s) = Re (1_12’6'\‘—]6> +c, se[-m,m]. (2.30)

jen, (1 = Aje®)

We conclude that to prove the theorem it suffces to prove that (2.29) holds for
some [a;: je Z,] € (Z;) if and only if (2.30) holds for some b; € C, j€ N,
and c € R.

Suppose “rst that (2.30) holds for some b; € C, je N, and ¢ € R. Then
through a direct computation, we get that

P = (2 HZIE'Zlb_e)\ i) ) I1 16_;\);fs
jeN, jeN, i
o, e
2[Tjen, (1 = Aje®)’
It is clear that the above equation implies that (2.29) holds for some [a;: j e

Z.]€ *(Z;). Conversely, if (2.29) holds for some [a;: j€ Z ] € 2(Z;) then
there e dsts [0 j € Zy] € *(Zy) such that

(Z c_j(p)e" ) l_[ els ZG’ s e [—m, . (2.31)

jeN jeN, jeZ4

+ se[—m,m].

The same reasoning as that used in the proof of Theorem 2.1 then yields by
(2.31) that there e dsts b/ € C, j € Z, such that

Y, ble
Zc_j(p)e_’/“ = W, NS [—T[, T[]. (232)
JEN, ]

jeN

Noting that (2.32) implies that p has the form (2.30) for some b; € C, je N,
and ¢ € R completes the proof. O
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3 Orthonormal bases for L2(R)

We present two conspiuctions of orthonormal bases for L2(R) with the basis
functions in M. Our “rst result below shows that this task can be reduced to a
construction of orthonormal bases for the Hardy space H?(C,).

Theorem 3.1 Functions M; e H*(C.), je€ Z,, with nontangential boundary
limits
Mi(t) = p;(t)e®?, teR, jeZ, (3.1)

form an orthonormal basis for H*(C.) if and only if ~/2p;cos8;, +/2p;sin8,,
j € Zy, satisfy

H(p,(-)cos8,())(0) = p,(1)sin8,(1), 1€ R, jeZy (32)
and constitute an orthonormal basis for L*(R).
Proof Suppose that M;, j e Z,, with the amplitude-phase modulation (3.1),
form an orthonormal basis for H*(C ). Let f be an arbitrary function in L2(R).

By Lemma 2.2, f 4+ iHf is the nontangential boundary limit of some function
in H*(C..). There hence e_dsts [0 : j€ Z;] € ?(Zy) such that

FO+IH@) = > oaM[1), teR,

jeZy
where the equality holds in L?(R). The above equation implies that the linear
span of A := {«/Ep,- cosB;, «/Ep,- sin@; : j € Z,}is dense in L2(R). It remains to
prove the orthonormality of A. To this end, we note that since p;e® is the
nontangential boundary limit of M; € H*(C..) there holds for each j € Z that

H(pj(-)cos8;(:))()=p()sin8;(r), H(p;(-)sinB;(-))(1)=—p;(t) cosB;(r), teR.
By (1.1), we obtain that

F(p;sinB,)(€) = —isgn(§)F (p;cosB))(E), & € R. (33)
Consequently, there holds for each j,k € Z

(M, Mi)vec,) = /F; F(p;e®)(&)F (pre®)(€)dE

—4 /0 " F (0505 8))(6)F (pr cos B (B k.

By the assumption that M}, j € Z., form an orthonormal basis for H*(C. ), we
get

| Foreose)@F GrcosB@de = 135, (34
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where §;; denotes the Kronecker delta. Finally, we calculate by the basic
properties of the Fourier transform and (3.3) that

(pjcosBj, prcosBk) 2Ry = (Pjsinbj, Py sinBy) 2R

—2Re ([ F(pycos8 )OO F Grcos @ )
0
and
o —
(pjcosB;, pisinBk) 2Ry = —2Im </ F(p;cos 8,)(E)F (pk cos ek)(ﬁ)dﬁ) :
0
The above two equations together with (3.4) prove the orthonormality of A
in L2(R).
Conversely, assume that v/2p;cos0;, v/2p;sin8;, j € Z,, satisfy (3.2) for all
j € Z, and constitute an orthonormal basis for L2(R). It follows by Lemma 2.2
that M; € H*(C,), j € Z. Itis clear that there holds for each j, k € Z,.
(M/', M) 2Cy) = (p] Ccos 6]-, P cos ek)LZ(R) + (p] sin 6,-, Pk sin ek)Lz(R) ?/rk

which con”rms the orthonormality of {M;: je Z,} in H*(C,). It suf"ces to
prove that the linear span of {M; : j € Z,}isdense in H*(C.). Set M € H*(C.).
Suppose that its nontangential boundary limit has the form

M) =p(0)e®?, teR,
where p > 0 and 8 isreal. We can“nd [0 : j€ Z,],[B;: je€ Zy] € *(Z4)such
that there holds the equality in L*(R)
p(t)cosB(t) = Z a;p () cos (1) + Z B;pj(t)sinB;(r), t € R. (3.5)
jeZy jez,

Applying the Hilbert transform to both sides of the above equation yields
that

p(1)sinB(r) = > a;p;()sin6;(r) — Y Bjp;(1)cosB;(0), 1 € R, (3.6)
jeZy jeZy
where the equation also holds in L?(R). Combining (3.5) and (3.6) follows that
there holds in L*(R)
Mty =Y (a;— B)p(0)e®,
jeZ+

This equation implies that the linear span of {M;: j € Z.} is dense in H*(C..)
and proves the theorem. O

Motivated by Theorem 3.1, we ne &.congitder the construction of orthonor-
mal bases {M;: j € Z,} for H*(C,). Our “rst construction makes use of the
outer functions in H*(C,). Those are functions # € H(C,) of the form

h(z) = exp{u(z) +iv(z)}, z € C,,
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where
w@) = — [ ——— _(logd)(D)ds, z = c
(Z) T[/R(x [)2+y2(0g )() z x+ly€ N

with ¢ being a nonnegative function such that

/ |(log 9)(1)Idr _
EET2

and where V is a harmonic conjugate function of u, [9]. A function f € H?>(C,)
is an outer function if and only if the linear span

span { f(-)e” : y = 0}

is dense in H?(C,), [12]. There is another characterization of outer functions
in H2(C,), [9]. It states that f € H?(C,) is an outer function if and only if there
holds

log| f()I = EleolgLfg)l . (3.7)

For an f € H*(C_.) we denote by Hzf(CJr) the Hilbert space completed upon
the linear space of functions in H>(C,) under the inner product

(g Mregcy = [ SORDISOFL .5 e H(C). (38)

Theorem 3.2 Suppose that f,, f» € H*(C,) satisfy that fi/f> € H*(C,) and f,
is an outer function If ej € HX(C}), j€ Z., form an orthonormal basis for

f],f (Cy), then 1 e], j € Z,, form an orthonormal basis for H*(C,).

Proof Suppose that all the assumptions are satis“ed. We “rst see tha‘t.ﬁTe €
H?(C,) whenever e € H*(C,). This observation together with the de“nition
(3.8) ensures immediately that %ej, j€ Z,, form an orthonormal sequence

in H2(C,). It remains to show that their linear span is dense in H*(C,). Set
y € [0, 00). By the assumption that ej, j € Z,, form an orthonormal basis for

Hzf] /h (CL), %( f2€”") can be appro_dmated arbitrarily close by the functions in
span {%e j i j € Zy4} in the Hilbert space H?(C.). This fact reveals that fie”" is
contained in the closure of span {%e j:Jj€Zy}in H*(C,). Noting that f; is an
outer function completes the proof. O

£

To give a concrete e .ample for Theorem 3.2, we ™ <z € C,. and introduce

JI=— K@ 1
1+ K@ z-a

Clearly, fi, f> belong to H?>(C,). One may use the following Jensen formula
(see, [22], page 59) to verify if an analytic function is an outer function.

fi@@) =

fH(2) = ﬁ zeCy. (3.9)
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Set b := K(a). We get by (3.11) that

1 I eit_b J—k 1_|b|2
<€j1 ek)Hzfl/fz(C+) = E/; (1 _ Eei[) |1 _ Beit|2dt. (312)

s

z—Db
m(z) = ———, zeU.
(@) 1—-bz

Applying the change of variables ¢ = m(e") to the integral in the right hand
side of (3.12) yields that

| L
. — (-Rsge — 5.
e enns e = 5 B eV ds = 3.

We conclu?that ej, j € Zy, are orthonormal in H2fl It (C,). To complete the
proof, it suf ces to show that their linear span is dense in H% /h (C.). Suppose

that f € H% ;. (C;)is orthogonal toe;in H% ;. (C) for all j € Z,.. Then similar
arguments as those engaged to obtain (3.11) are able to prove that

g(z) = [Tl (fi>] om '(z), ze U

1
h
is orthogonal to z/in H?(U) for all j € Z,. Therefore, f is a trivial function. O

By Theorem 3.2, (3.10) and Propositions 3.4, 3.5,

1 V1= K@)} (a—i\ (z—a\' 1 .
JT 1+ K@) <a+i:)(z—fl)z—ﬁ’jez+ G.13)

form an orthonormal basis for H*(C ). We shall transform it into one for L?(R)
by Theorem 3.1. Set a, := Re (a),a; := Im(a), b := K(a) and i € dU such that
— 2
_ M VIZIK@F
VT 1+ K(a)

We also denote for each A € U by {,, the real function on [—T1, 1] de"ned by

s — A

1 — Aeis
It has a positive derivative as shown e _glicitly below

1— AP

1 —2Re (Ae ) + |A]2]

Multiplying each of the functions (3.13) by the constant pii and calculating the
nontangential boundary limits of the resulting new functions yields that for
amplitudes and phases given by

=0V g e[—m, .

G(s) =

s € (—m, m).

\Y) t—
, 8;(t) :== j{p (2 arctan ) + arctan ¢

Vi(t) = —— A
Jt—a) +a; ai

L, teR, jeZ,,
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functions
a; )
(yjcosB))(r) = m cos(j¢p (2 arctan 1))
via, -1 . . )
(—ay+a sin(j¢p (2arctant)), te R, je Z,
and
. \)(t — ar) ]
(y/ Sin e/) (t) = m COS(]Zb (2 arctan t))
va; .. )
+m sin(j(p (2arctant)), te€ R, je Zy

form an orthonormal basis for L2(R) that satises (3.2) and 8 i>0,jeZy.

4 A second construction

Our second construction is stimulated by the following simple observation.

Lemma 4.1 If gis a function in H*(C..) then

1/ ORI (4.1)

nJrl+2i+t

Proof By the change of variables (2.4), we see that

l/ 8O 1=ty _ zi/n (g0 K~')(e")ds = ﬁfou(goK”)(z)dZ-

Mg l+2i+1 mJ .
(4.2)
By the Cauchy integral formula (2.10), we have for each r € (0, 1) that
1 -1
o /a (g0 Kz =0, (4.3)

Since go K~! € H®(U), (g o K~')(r-) converges in L'(dU) to go K~ 'as r goes
to 1 (see, [18], page 340). This fact together with (4.3) proves that the last
integral in (4.2) vanishes and hence completes the proof. O

The finite Blaschke product associated with‘-ﬂ nite number of points z; €
C., j € N, is the analytic function f on C, de"ned as

f(z) = 1_[ Z:ﬁ ze€Cy.

jeN, J

Spri



Orthonormal bases with nonlinear phase

Suppose we have a sequence of functions f,, € H*(C,), n € N, with the
properties that f,(i) = 0 and

) = (Z—) 0, teR, neN, (4.4)

where h,,, g, are analytic functions on Lﬁwnh gn having at least one but a "nite
number of eros in C,. Let b, be the Tnite Blaschke product associated with
the‘_ieros of g, in C,, n € N. With such a sequence of analytic functions, we
de™ne

Bo(z) := Tl v Bu(z) = T—fn(Z) /GIN_"[lb i(z), z€Cy, neN.
4.5)
Here we denote N := @.

Theorem 4.2 The functions B, n € Z., constructed by (4.5) are orthogonal in
H*(C,).

Proof We observe that B, € H*(C,), n € N, because they are products of a
function in H?>(C, ) and a bounded analytic function. For n € N, we have that

(Bns Bo)re cy = ! / 112 Jn(2) 1—[ b(t)dt

]eNn 1

which, by Lemma 4.1, equals to rero since

ﬂ@y—o+)ﬂ“” zec,
1+ 2z

with (i + z)ii being bounded and analytic on C... It is also calculated for
-z
n>m > 1by (4.4) that

@ﬁmmm=ﬁm@@6m

o [ato(2)o Hbm d

n—1

1 1 bom

J=m+1

The integral above is also equal to zero since the function

Fuhim _m l_[ b;

8m j=m+1

is bounded and analytic on C, with a zero at z = i. O
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Let us see a simplest e _ample of the above construction. In this e ample, A,
in (4.4) is only to meet the requirement that f,,({) = 0 and g, has a single zero
in C,.. In other words, we set

ha(z) ==z +1i, gu(z):=z—d,, z€Cy, neN,
where d, € C,, n € N. As a consequence, we have for z € C. that

z—d,

b,(z) ;=
Z—ay

and

1 1 1 1 z—1 z—d,;
T ml-iz Bu(z) := _’ neN. (4.6)

Bo(z) : —= —
0 «/ﬁl_lzz—dnjeN”ﬂZ—d]

It can be veri“ed directly that the phases of the above functions also possess
nonnegative derivatives.

Theorem 4.3 Let B;, j€ Z,, be constructed as in (4.6) where d, € C,, n € N,
are pairwise distinct. Then span{B;: j € Z.} is dense in H*(C..) if and only if

> (1 = [K(dy)]) = oo. (4.7)

neN

Proof Let ¢ € H*(C,). Using the isomorphism (2.5), one can show by induc-
tion that ¢ is orthogonal to B; for all j € Z, if and only if

6@ =0, ¢(d,) =0, neN.

It hence suf‘f:es to point out the fact that there does not e_dst a nontrivial
function in H?(C, ) that vanishes on {d, : n € N} if and only if (4.7) holds, [9].
o

We now use Theorems 4.2 and 4.3 to derive orthonormal bases for L(R).
Choose pairwise distinct d, € C, n € N, that satisfy (4.7). This can be done
by, for e_ample, requiring that |K(d,)| =1—n"', n e N. Set d,,, := Re (d,),
dy;:=Im(d,) and b, := K(d,), n € N. We modify the construction (4.6)
slightly to get that

11 ld,;i— j —d;dj—i
—_ Oni ! Z l— 1_[ £ _]]—l , n€N,
JT1—iz M z+iz—d z—d;dj+i

" jeN,-

constitute an orthonormal bases for H?(C, ). As discussed in the e_ample at the
end of the last section, the phase of each of the basis functions has a positive
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derivative. Finally, we calculate the nontangential boundary limits of the basis
functions to conclude that the following functions

11 1 ¢
JT1+2 yml+2

dy; dpi
_— = cos(w, (2 arctant))

T (t—dy,)* +d,

dni dnr_t .
- ——sin(w, (2 arctant)), n € N
T dn )+ L, (@n( )

and

dy t—d
- oL cos(w, (2 arctant))

T (t—dn,) +d,

dy.i dy,i
- o sin(w,(2arctant)), n € N,

T (t—d,,)+d,,

form an orthonormal basis for L2(R), where w, := o+ Y Nt {p,n €N,

5 Orthonormal bases for LE[—n, 7]

In this section, we present parallel results for the construction of orthonormal
bases for L2[—, ]. We omit the proofs since their arguments are similar to
those in the last two sections.

Theorem 5.1 Functions 1,m;, j € N, with nontangential boundary limits

mie") = pj()e®®, te[-m,ml], jeN,

form an orthonormal basis for H*(U) if and only if ——=p,cosB;,

| «/_ «/_
ﬁp]-sinej,je N, satisfy for each j € N
H(p;(-) cos8,())(®) = pf(t) sin8;(r), t e [T, T].

and constitute an orthonormal basis for L%[—T[, ).

Our ne &result parallels to Theorem 3.2 in Section 3. We call 4 € H(U) an
outer function if it is of the form

h(z)zceXp{%/ ¢ +Z(logw)(e"mr}, zeU,

where c € 0U, U is a positive Lebesgue measurable function on dU such that
logy € L'(0V), [18]. According to [3, 9, 18], a function f € H(U) is an outer
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function if and only if the linear span of {fp;: j€ Z.} is dense in H2(U),
where pj(z) := z/. We denote by Hzf(U) for an f € H*(U) the Hilbert space
completed upon the linear space of functions in H?(U) endowed with the
following inner product

1 n J— .
B = 5 [ SEREISEPdr, g.h e H)

Theorem 5.2 Let f € H*(U) be a bounded outer function. If e; € H*(U), j€
Z., form an orthonormal basis for H2f(U) then fe; je Z,, constitute an

orthonormal basis for H>(U).

We also have a construction similar to the one in Section 4. A finite Blaschke
product f € H*(U) associated with {z; : j € N,,} C U is the function

f(z) = HIZ_;;’Z zeU.

Theorem 5.3 Suppose that f,, n € N, is a sequence of functions in H>*(U) with
the properties that for each n € N, f,(0) = 0 and there exist analytic functions
Ny, gn on U such that

— hy, ;
fa(e") = <g—) ("), tel-mm]
and gy, has at least one but a finite number of zeros in U. Then

my(z2) = fu(z) l_[ bi(z), zeU, neN,

jENn—]

are orthogonal in H*>(U), where b, is the finite Blaschke product associated with
the zeros of gn.

Particular e amples of bases for L2[—T, 1] that ‘f into the general construc-
tions described by the last two theorems can be found in ([5] and Wang et al.,
preprint).
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