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Abstract We offer a new approach to deal with the pointwise convergence of Fourier-
Laplace series on the unit sphere of even-dimensional Euclidean spaces. By using spheri-
cal monogenics defined through the generalized Cauchy-Riemann operator, we obtain the
spherical monogenic expansions of square integrable functions on the unit sphere. Based
on the generalization of Fueter’s theorem inducing monogenic functions from holomorphic
functions in the complex plane and the classical Carleson’s theorem, a pointwise conver-
gence theorem on the new expansion is proved. The result is a generalization of Carleson’s
theorem to the higher dimensional Euclidean spaces. The approach is simpler than those
by using special functions, which may have the advantage to induce the singular integral

approach for pointwise convergence problems on the spheres.
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1 Introduction

We start with reviewing the basic notations and results. Let f € L'([—x,7]), then the
Fourier coe cients ¢, are all well defined by

cp = — f()e i*tdt, keZz, (1.1)
2 J_ .

where Z denotes the set of all integers. By sy (f)(x), we denote the partial sum

sn(H@) = > ae*,  zel-ma], NeN, (1.2)
|k|<N
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of the Fourier series of f, where Ny denotes the set of all natural numbers. Then we have,

o (F)(@) = % _ F®Dy(x — t)dt, (1.3)
where
. 1
5”1(2]\7-74-3):6 for z € [-m, 7]\{0},
Dy(z) = s]!n ’
N+ forz =0

is called the N-th Dirichlet kernel.

Since L%([—7,n]) € L*([—~,n]), the Fourier coe cients of L2-functions are well defined.
There holds the following Carleson’s theorem.

Theorem 1.1 [1] If f € L?([—m,«]), then

sy (@) — f(2), ae. xz¢€[-mn], as N — +oo.

L. Carleson proved this theorem in 1966. The next year, R.A. Hunt [7] further extended
this result to f € LP([—7,7]), 1 < p < 0.

One naturally asks what is the analogous result for the unit sphere S™ in the (n + 1)-
dimensional Euclidean space R", where

RY={s=z+z|zeR, zeR"}?

For any square integrable function f defined on S™, denoted by f € L2(S™), there is an
associated Fourier-Laplace series:

Fd (1.4)
k=0

where f; is the homogeneous spherical harmonics of degree k. There were comprehensive
studies on convergence and summability of Fourier-Laplace series on the unit sphere of higher
dimensional Euclidean spaces (see [8], [17], [20]). However, except for the two-dimensional case,
pointwise convergence, being the initial motivation of harmonic analysis, may be said to be very
little known. The case n = 1 seems to be the only well studied case ([1], [21]). Dirichlet ([2])
made the first detailed study for the case n = 2, on the so-called Laplace series. Koschmieder
([22]) studied the case n



No.5 Fei & Qian: POINTWISE CONVERGENCE FOR EXPANSIONS 1243




1244 ACTA MATHEMATICA SCIENTIA Vol.29 Ser.B

function f0 an intrinsic function if it is defined in an intrinsic set and satisfies f9(z) = f°(z)
within its domain (see [11]). In the notation f° = v + iv, the above condition is equivalent to
require that « is even and v is odd in their second argument. In particular, v(x(,0) = 0, i.e.,
£ is real-valued if it is restricted to the real line in its domain.

Denote by 7 the mapping

T(f) = k71D fO,

where A= DD, D = 52-€0— 5o-€1— - — 50-e, and ,, = (2i)"~'T?(2§1) are the normalizing
constant that makes 7((-)~') = E (see [14]).

The operator A"z is defined via the Fourier multiplier transformation on tempered dis-
tributions M : &’ — S’ induced by the multiplier m(¢) = i) :

Mf =R(mF),

where

Fi© = [ e s,

Rj

and

Rh(z) = / e 2mMED) p()de.

R‘l
It is noted that both the Fourier transformation F and its inverse R are defined on tempered
distributions via pairing with rapidly decreasing functions.

If n is an odd integer, then A" reduces to a point-wise di erential operator that was first
studied by M. Sce who extended Fueter’s result to R? for odd n € Z* ([18]). The corresponding
result for n even was obtained and discussed by [13] and [14]. We have the following ([6], [18],
[12-14]).

Proposition 2.1 Let f(2) = u(s,t) + iv(s,t) be an intrinsic function defined on an
intrinsic set O c C. Then, the function 7(f°) is monogenic in 0.

If we consider f° to be of the form 2%,k € Z, then we define the monomial functions by

PER =7()7%), PR Y =Py, kezT,
where ZT is the set of positive integers and I is the Kelvin inversion defined by
I()(@) = B@@) ).
When n is odd, the striking facts ([14]) are
((O®y=pP® k=-1-2.; (2.1)
r((F+=Dy=p® =0,1,2,---. (2.2)

We note that, for any &,
Py~ 2)E(y)

is monogenic both in z and y ([14]). Since E(y)n(y) = 1 on the sphere, by Cauchy’s theorem,
we have

/ POy t2)do(y) =0, |z|=1, k#0; (2.3)
STI,
and, since P = [(P(-D) = [(F) = 1, we have

1 PO 2)do(y) =1, |z|=1. (2.9)

Wn Jgn



No.5 Fei & Qian: POINTWISE CONVERGENCE FOR EXPANSIONS 1245

3 Expansions of the Fourier-Laplace Series and Dirichlet Kernels

In the frame of Cli ord algebras, we are enable to decompose spherical harmonics into
sums of spherical monogenics ([4]). For any k-spherical harmonic f, as appeared in the Fourier-
Laplace series of f € L2(S™) in (1.4), one has the unique decomposition

fr = g + hi, 3.1)

where g, is the restriction on the sphere of a left-monogenic function of homogeneity &, and Ay,
the same restriction of a left-monogenic function of homogeneity —k + 1 — n ([3], [4]). Results
in [14] imply that

@) == [ PO ).

n

and

m@ = [ PG 6.

W,
Note that the expressions P(*)(y—'z) make sense as the domain of P(*) may be extended to

products of vectors ([14]). The partial sum corresponding to (1.4), denoted by Sy f(x), may be
expressed as

sxi@ = — [ Dy s, (32)
where
DY@ = Y PH() (3.3)
k[N

is called the N-th Dirichlet kernel in R}. When n is an odd number, invoking (2.1) and (2.2),

N+n—1

D@ =r( Y OW)@. (34)
k=—N
In this article, we only consider n being odd numbers and therefore (n — 1)/2 being positive
integers. The computation of D%”Ll)(x) is based on the inducing theorem obtained in [15], as
cited in the following proposition.
Proposition 3.1 Let h(t, s) be harmonic for ¢t and s in a region O in which s > 0,¢ > 0.
Let n € Z* being odd and = = o + z € R}. Define

H(x) = A"V h(ao, [z)),
where the Laplacian A is in the n + 1 variables, then
H(z) = (1= DUC 0 2R )]y ool (35)
s z

and H is harmonic in xg,x1,- - -, z, in the corresponding region in R}.

Without loss of generality, we assume that functions to be expanded in (1.4) are scalar-
valued. Indeed, a Cli ord-valued function may be separated into 2" parts of each which is
scalar-valued.
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Assume that f € L2(S™) and f is associated with an expansion (1.4). From the decompo-
sition (3.1) and the integral formulas for g, and hy, we have
1 _ _
fe(@) = —~ ; (PH + PUMY ') f(y)do(y).
Since f is scalar-valued, the scalar part of P() + P(=%) will produce f, and the nonscalar parts
of P*) and P(—*) will have to be canceled out. This concludes that only the scalar parts of the
Dirichlet kernels are concerned. We denote the scalar part of D§$+1> by
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4 Main Results

From the study in Section 3, we know that the Dirichlet kernels Dg\?“)(x) on S™ depend
only on the angle 6, where 8 = arccoszg, 8 € [0, 7], which means that D%l“)(y‘lx) on S"
depend only on Re(y~—'z). In addition, when z,y € S™, we have that Re(y'z) = Re(yz) =
(y,z). Now, let z be a fixed point on S™ and write y = 2cosé + Fsind, where 7 is orthogonal
to z and 6 = arg(y, z). In this case, y~! =y = zcos# + §sind and Re(y'z) = (y,z) = cosd.
We take average of a function f € L2(S™) over the (n — 1)-dimensional sphere whose points y
satisfy arg(y, ) = 6. This average is denoted by

1

Wn—1

. (f)(0) = /S  Jweosd+Fsin6)do, ().

where 7 is the spherical variable on S"~!, do,,_1 (%) is the normalized surface area measure on
S™~1 We call @,(f)(9) the average of f about z in angle 4.

Note that in considering convergence problems it su ces to assume f to be scalar-valued.
Without repeating, we will always assume this for the rest of the article. We briefly write
®.()(O) = ®.(0). In addition, we use Wé’l([o, 7]) to denote the Sobolev space

WE (@0, 7D) = {g € 220, mDI()"0 € L0 AD), K =1,2,0++,1}.

Denote @, (0) = Jm ®..(0) if the limit exists. Then, the pointwise convergence theorem is
as follows.

Theorem 4.1 Let x be a fixed point on S™. For any f € L?(S™), we assume that ®,(0)
exists. In addition, if ®,(0) € Wé"l([O,w]), then NlinoO Sn(f)(x) = 9,(0). If, in particular, f is
continuous at z, then Nlinoo Sn(f)(x) = f(x).

Proof It su ces to show N“ﬂlo(SN(f)(x) — ®,(0)) = 0. From the relations (2.3) and
(2.4), we have

1 N -
= [ DUy 2)do(y) = 1.
Wn Jgn

It is reduced to show

lim - D () (f(y) — ©,(0))do(y) = 0.

N—oo Wy Jgn

The last integral is scalar-valued and thus is induced from the scalar part of the N-th Dirichilet
kernel DE\?“) = DE\?ZH), viz.

L / DR () - 0.0)do ().

Wn
Substituting the expression of Dﬁl”)(y*lx) and writing the integral into an iterated integral,
the above becomes

I J
1" : . : d
; (21+2-2) | ,.—1 ; i—21 () (i i
— [ (sin#) [nn @nn E EZI CJ(sin0) == Q,;”’ (sin 9,cos€)(—89) Un

w
nJ0 j=14

(@4 (0) — ®,(0))dd
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™ l ]
+ 2 [N singy@e [551(21)!! 3 XJ: C(sin6)’ ' RY)(sin 0, cos 9)(8%)ivN
“n Jo j=1 i=1
-(q> ) - o, (O))d9
= —1(21)1' Z Z o/ / U I(sin 0) Q1 (sin 0, cos 0) (D, (8) — P, (0))]de

7j=11=1

+win,@;1(21)n > Zj:(ﬂ / (=) Val(sin0)? RY) (sin 6, cos )(®,.(6) — .. (0))]do.

Taking integration by parts repeatedly, we have

Jim (Sn(f)(z) — 2(0))

Jim wflfl(zz)nZZ( 1)'cy /OF UN(coso,sinﬁ)(%l

j=11:i=1

[(sm 0) Q') (sin 0, cos ) (@, (6) — ® (0))} do

+ lim ;n—l(zz)nZZ( 1)16“/0 VN(cose,sinG)(%z

j=11i=1
: [(sin 0) R (sin 0, cos 0) (9, (0) — GJI(O))} do

= lim I + I|m I>.

— 00

We first consider the second part of the above expression. Since ®,.(0) € Wé’l([o, 7)), ®.(0) —
®,.(0) belongs to W™ ([0, 7]). As a consequence, (2)[(sin 6)7 R (sin 6, cos 6) (®,.(6) — ®,.(0))],
1 < i < j, are all integrable. Replacing Vy by Si“(N’L%)e:i”anle and applying the classical
Riemann-Lebesgue lemma, we have Nlinoo I, =0.

sin 3

i n n=1 . . .
As for I, since Uy is equal to S2VF2)00 570 “tpere will be a singular point 6 = 0,

thus the classical Riemann-Lebesgue lemma cannot be directly used. However, for any 7,

1 < j < 1, we first consider the second summation EJ: There is a factor (sin#)? in the
integrand and the order of ae is from 1 to j. When z1 1§ i < j —1, after taking (%)i on
(sin )/ Qij)(sm 0,co0s0)(P,(0) — ®,(0)), there must be a factor (sin)™* left, m; > 1. If i =
4, after taking (%)j on (sin 9)-7'Q§j)(sin 0,cos0)(P,(0) — @,(0)), there also must be a factor
(sin@)™= left, my > 1, except the first item that is j!(cos H)jQEj)(sin 0,cos0)(P,.(6) — ©.(0)).
By using the classical Riemann-Lebesgue lemma for I; except the first items of the sum-

J
mation _ of I, we have
=1

l
. T R i " .
Nlinoo I, = Nli”rlow—nmn @nn .E_ (—l)JCZ/0 Un(cos 6, sin 9)

[j!(cos 8)7 QY (sin. 9,cos 0)(P,(6) — ,(0))]1d¢

l T o n n—1
. 1 . - sin(N + 2)6cos 2-=0
= lim =k '@ :(—1)3]’!0{/ ( 2.)9 2
N —oo wn j:l 0 Sln§
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(cos )’ QY (sin 6, cos B) (®..(8) — ®,.(0))dd

1 /” sin((V + 251) + )6

l
2r S .
= gt (-1)51¢] lim = W) (h)do
wﬂK/n ( ) Jfl( ).] lNinooﬂ' o ZSin% x () 9

where lngcj)(H) = cos 2510(cos 0)1Q§j)(sin 6,cos0)(D,.(A) — D,.(0)), 1 < 5 < I. Since ®,(0) €
L2([0, 7]), then, obviously, W&j)(ﬁ) € L?([0,7]), 1 < j <. By the classical Carleson’s theorem,

we obtain
1

. 2w S
Jim 1, = w_n””l(ﬂ)” ;(—1)ﬂj!c;wg>(0) =0.

Therefore, we have NI[nOO Sn(f)(z) = ¢,(0).

Furthermore, by the result of R.A. Hunt ([7]), we can obviously extend the main conver-
gence results to LP cases, 1 < p < oc.

Now, we illustrate the results of Theorem 4.1 by two examples.

Example 4.1 It should be observed that for n +1 = 2, i.e.,, I = 0 in Theorem 4.1, the
average ®,.(0) becomes the simple evaluation at two endpoints of the interval (-6, 6),

©.(0) = 3110 +0) + (0. — )]

where 6, is the angle between = and e;, and the Dirichlet kernel DE\?) is just equal to Dy in
Section 1. From the condition of Theorem 4.1, ®, € L2([0, x]) if and only if %[f(em +0) +
f(0, — 0)] € L2([0,7]). In particular, if z = 1, Theorem 4.1 reduces to the classical Carleson’s
theorem.

Example 4.2 Letl=1,i.e, n+1=4. Theorem 4.1 becomes the following.

Let ¢ be a fixed point on S3. For any f € L?(S%), we assume that ®,(0) exists. In
addition, if ®,(0) € L?([0,7]) and its derivative W,(0) exists and W,(0) is integrable in (0, 7),
then NI[nOO Sn(f)(q) = ®,4(0). Furthermore, NI[nOO Sn(f)(q) = f(g) if f is continuous at g.

The convergence results in [9], with the assumption that ®,(6) is absolutely continuous in
[0, 7], is & consequence of the above results. In fact, if ®,(f) is absolutely continuous in [0, 7],
then ®,(F) € L2([0, #]) and its derivative exists almost everywhere and is integrable on [0, ].

For [ > 1 the condition in Theorem 4.1 may be further weakened to the following:

(i) cos2516(cos 9)jQ§.j)(sin 6,c0s0) (P, (0) — @,(0)) € L2([0,7]), 1< j <I;
(i) (o) [ 0 QY (5ind, cos)(®.(0) — @, O)] € L' (0,7, 1<i<j <
(iii) (%)i[(sin 6)’ RY) (sin 6, cos 0)(®,(0) — D, (0))] € L'([0,7]), 1<i<j<lL.

Obviously, ®..(0) € ngl([o, 7]) implies the above conditions. The main results of [17] then can
be easily deduced. In fact, there holds
Corollary 4.1 If f is di erentiable up to order [ on S™, [ > 1, i.e., f € C'(S™), then

Jim Sy(f)(@) = f(z),  VoesS"

Proof By Whitney’s extension theorem ([19], also see [17]), we can show that &, (0) <
CY((0, 7)), and (sin0) (Z)'®,(A), 1 < i < j < I, converge to zero at 0 and 7. In particular,
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®,(0) is continuous on [0,7]. Thus, we have that ®,(0) € L*([0,]) and (Z)[(sin 6)’ ®,(6)]
1 <i<j <l areintegrable in [0, 7]. Then, the conditions (i), (ii), and (iii) are satisfied since
Ql(.” and REJ) are polynomials in sinf and cosf. In addition, f is continuous on S™, then we
have,

Jim Sn(f)@) = f(=),  VeesS™
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