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and
lim

r→1−
F2(rξ) = P(ωf)(ξ),

where P is the orthogonal projection operator of L2(Sm) onto H2(Sm).
Notice that the decomposition (2.7) was obtained by using the following

decomposition of P (x, ω) :

P (x, ω) = Sx(ω) + xSx(ω)ω, x ∈ B(1), ω ∈ Sm.

Since for the ball Sx(ω) = Cx(ω), this again shows that the classical Dirichlet
problem may be solved by merely using the Cauchy transformation.

(v) Notice that (2.7) generalizes to Rm+1 the following result concerning the
Dirichlet problem for the unit disc in the complex plane C (see [2]).

Given f ∈ L2(S1), the solution u to
{

∆u(x) = 0 x ∈ B(1)
u|S1(x) = f(x) x ∈ S1,

(2.8)

is given by
u(z) = h(z) + H(z),

where
h(z) = (Sf)(z)

and
H(z) = zS(

H
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where H is the Hilbert transformation on Rm. Note that in the present case
H maps the real part to the imaginary part of the boundary value of a (left-)
monogenic function in the upper-half space Rm+1

+ . The boundedness of the Hilbert
transformation is referred to that of the Riesz transformations ([14]).

We now solve the corresponding half Dirichlet problems in the upper-half
space with the idempotent functions

σ± =
1
2

(1 ± ie0).

Note that they are just the functions α(x) and β(x) defined in §1 and they are
constant functions. The half Dirichlet problems are posed as follows.

Given u ∈ Lp(Rm), 1 < p < ∞, find W in Rm+1
+ such that (1.1) and (1.2)

hold respectively for α(x) = σ+ and β(x) = σ−, where f = u, Ω = Rm+1
+ , Σ = Rm.

We claim that the half Dirichlet problems are solved by

W±(x) = C(2σ±u)(x).

Indeed, we have ∂xW±(x) = 0, and, as a matter of fact, W± ∈ H2(Rm+1
+ ). As for

the boundary conditions, let us show that

lim
x0→0+

σ+W+(x0, x) = σ+u(x),

the case for W− being similar.
The boundedness of the Riesz transforms imply the Plemelj-Sokhotzki for-

mula. We therefore have

lim
x0→0+

W+(x0, x) =
1
2

[2σ+u(x) + H(2σ+u)(x)].

Notice that for x, y ∈ Rm,

(1 + ie0)(x − y)e0(1 + ie0) = 0, (3.1)

whence
σ+H(σ+u) = 0.

Together with the fact that σ+2 = σ+, we get

lim
x0→0+

σ+W+(x0, x) = σ+u(x).

Analogously,
lim

x0→0+
σ−W−(x0, x) = σ−u(x).

Now we consider a similar decomposition of the Poisson kernel in terms of the
Cauchy kernel and the corresponding solution of the classical Dirichlet problem.

Define, for (x, y) ∈ Rm+1
+ × Rm, the kernel functions

C±
x (y) =

2
Am+1

σ± x − y

|x − y|m+1
e0σ

±.

A straightforward computation shows that

4x0 = (1 + ie0)(x − y)e0(1 + ie0) + (1 − ie0)(x − y)e0(1 − ie0),





392 R. Delanghe and T. Qian AACA

4. Half Dirichlet Problems for General Domains

Let the boundary surface Σ of a general domain Ω be given by Φ(x) = 0. We recall
that the primitive idempotents are defined by

α(x) =
1
2

(
1 + i

∂Φ(x)
|∂Φ(x)|

)
, β(x) =

1
2

(
1 − i

∂Φ(x)
|∂Φ(x)|

)
,

where the vector ∂Φ(x)/|∂Φ(x)| is a unit normal vector to the surface Σ at the
point x ∈ Σ, denoted by

nx =
∂Φ(x)
|∂Φ(x)| .

For the ball case Φ(x) =
∑m

k=0 xk2 − 1 and for the upper half space case
Φ(x) = x0. For these cases nx = x

|x| and nx = e0, respectively. In the former two
sections the crucial relations for developing the theories in the two contexts are
(2.1) and (3.1), respectively. If the half Dirichlet problems (1.1) and (1.2) were
solvable in the same pattern, then the following relation should hold

(1 + inx)(x − y)ny(1 + iny) = 0.

Through simple computation, taking into account n2
y = −1, there then would hold

[(x − y)ny + nx(x − y)] + i[nx(x − y)ny − (x − y)] = 0,

or
(x − y)ny + nx(x − y) = 0 and nx(x − y)ny − (x − y) = 0.

By multiplying nx to both sides of the second equation, it becomes the same as
the first, and they further reduce to the relations

< x − y, ny+ < x − y, nx = 0, and (x − y) ∧ ny − (x − y) ∧ nx = 0,

or
(x − y) ⊥ (nx + ny) and (x − y) ‖ (nx − ny).

The last two conditions imply that the surface must be a sphere or an m-dimen-
sional hyperplane, which are exactly the two cases studied in the previous two
sections. We thus could not expect to have an analogous theory on the surfaces
other than spheres and half-spaces.
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