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In References [1–4] a systematic study on the unimodular case � ≡ 1 is carried out. In
this paper we extend the study to the general non-unimodular case. We found that the well-
established theory of starlike functions in one complex variable best �ts to our need. Boundary
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De�nition 2.4
A function f(z) is said to be starlike with respect to the pole ∞ if f(1=z) is starlike (with
respect to the pole zero).

With this de�nition we have the counterpart result for dual circular H-atoms.

Theorem 2.3
�(t)ei�(t), 06 t6 2�, is a dual circular H-atom if and only if �(t)ei�(t), 06 t6 2�, is the
boundary value f(eit) of a starlike function f(z) with respect to the pole ∞, whose boundary
is a bounded recti�able closed Jordan curve.

Example 2.1 (The Circle Family)
The simplest example would be the circle family. Any fractional-linear transformation

w = f(z) =
az

cz + d

that maps D into a disc f(D) � 0, f(0) = 0, with the consistent orientation as t rotates
from 0 to 2� under the parametrization z = eit, will give rise to a circular H-atom. We now
form this family in a systematic way using M�obius transform. The M�obius transform �a(z) =
(z − a)=(1 − �az) has the power series expansion

�a(z) = − a + b1z + b2z + · · ·
where b1 = 1 − |a|2¿0. We construct

fa(z) =
1
b1

(�a(z) + a) =
z

1 − az
(12)

This function is in the class C. It maps discs in D into discs. The images fa(Dr); Dr = rD;
0¡r¡1, are discs not centred at z = 0 if a �= 0. Indeed,

fa(reit) =
r√

1 − 2r|a| cos(t − ta) + |a|2r2
ei(t−arg(1−r|a|ei(t−ta)))

where a = |a|eita . It follows from Theorem 2.2 that for every �xed r : 0¡r¡1, the function
fa(reit) is a circular H -atom. The mapping can be extended to r : 16 r¡1=|a|, and the
diameter of the disc f(D) passing through 0 is divided by 0 into two parts with lengths,
respectively, r=(1 − r|a|) and r=(1 + r|a|). So, the closer the number r|a| to 1, the closer the
pole zero to the boundary of the image circle.

One can similarly formulate the ellipse family and the Casimire curve family.
As a consequence of the argument principle b Tfons9ite2(principloducts2(of)-464.2(the)]Tar)]TJ
/F(a)-464.0(the)-464dual2(the)]Tar
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and, if f̃(t) is a (dual) circular mono-component, then

F(s) =
1

(s2 + 1)1=p �(2 arctan s)ei(�(2 arctan s)+(2=p) arccos(−s=
√

s2+1)−(2�=p)); −∞¡s¡∞

is a (dual) mono-component on the line.
(iii) for p = ∞, f̃(t) is a (dual) circular mono-component if and only if

F(s) = �(2 arctan s)ei�(2 arctan s); −∞¡s¡∞
is a (dual) mono-component on the line.

The proof of (i) of the theorem is based on the following lemma.

Lemma 3.1
Let f̃ ∈ Lp([−�; �)), 16p6∞, and f be the 2�-periodic extension of f̃ to the real line.
Then Hf is 2�-periodic, and, restricted in [−�; �), Hf = H̃ f̃, where Hf is de�ned by

Hf(t) = lim
j→0; N→∞

1
�

∫
j¡|t−s|¡(2N+1)�

f(s)
t − s

ds

Proof
It may be easily shown (also see Reference [4] or [1] or [6])

Hf(t) =
1
�

lim
j→0; N→∞

∫
(−�;�)∩{|x−t|¿j}

(
N∑

k=−N

1
t − x − 2k�

)
f(x) dx

=
1

2�
lim
j→0

∫
(−�;�)∩{|x−t|¿j}243184Tm
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