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1 INTRODUCTION

Ld R™ bel hesea, 2. Foid ive=Ciffrd=a geb, a ge € d ed bwmlgy, e2,...,em}, o l€, el he

inc ved ., eq,... ) f\UmT-ediV . eiej+eje; = —28;,i,j=1,...,n. Viege
a—ilgebdR(’",Y ea 2"-dj =g lhlhebfi—u& . €0,€1,. .., 0,
6162, ...... e el ...em, i" §il < c<j,<m ee 60— , | hre=a geb, aic

e{_é‘l:ag: cel }S};r&w.d@ F’! e br{}(f”)l he CFTFV—C:fﬂ -chage a gg eded buge
1,625 --56Em

DQ r'! e waz’ﬂl herem_i ¢ ace FfRU2, a_ ed bwlgy.es,.... ). Al
ﬂeg Ff R™ de Aed b e+ - Xmem, X; € R. Deﬁ,Fg R] = {x =0+

0 c R xeR } The Dirac operator in R”lf defi edl¥ be D=7 e
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PLd Q be a dr, L RILIFf:Q—>R™ S a C‘f dir s (Df)(x) =
ja Oej(af/a )_j(”hc ,(rg aid! ¥ be lefi- mo;régemcn QT f!d el , Fge ic
£~ diry, i H Fee, dg Med brﬂﬁ(,)(fz R®), Weﬂ  ide,
—_ef- Hree |c§ ?AF’ a d ef’ l! cnl (r) i, M R(’”)),f ,? ed
*bﬂ[” MF’ F”gc ACf FKIF’ A_J le!l g ey
f lhd a‘ F'Jf'enc_dlf,ae-a-af'gt !F'aa-
tl.i{ ?ﬂ gecr';L ‘ige% ”‘“ !a ce, br’EhFﬂT’l? have Cq %v@ec
fre=ra, C ‘.,,L -La M&r, \ M., Ther, ¢ , MF, ¢ ,} Ther;g:
,!(ele} [ & ¢ Theehavebee ] T‘L;' ,f’flhér’ed
D~ M. M a_w ded ¥ ¢ P , % Fh-Je,(a/ax,) W
Dk, DR ( 56)F§c l 7'{ %‘:‘ IAF’ Ff—=t ypfp¥a D ac an
p(D) = (D" + "D L e o N @edll (81 Mwpett aj edthe &y cfl.

G, eg, ﬂ—»aﬂm-z_,l.rf,rffp(g)
Il }"-v.cej'l dfr,'l.rf,va A, (D — )»)'p(D) D"—}- 7701bD/a*e
AP

die Decr;, <F, iVL ~ -L‘Cfrf  FEp(D) L ! he=e eva aeltd ai ed
T T h hnchllheé 5' ¥ '?,if" , ae deq ced ,cvea I'hd
l.r,rf—L i, aé !3 R’”' edl c_c-
T 14X -;_‘!.r P P ol gl e-!-ra d A (d"}‘dxo)+ b x

L

(d‘T/d‘c)—O mnglni oL Sedlr’ 5{—Ll:!’ ’f:IK’ Fee e dn[’
P(D)fo gace f!ry%dﬂ’,z} 2 (”")ﬁz edcf’_ln_:"f,"r /ﬁl["

2 THE SOLUTIONS OF (D—A)f =0
L | h'c-ﬁ;r \) el hd %( a dr, (Foe ador eded)i RY ct’;kl a, % gl he
g adde i SN (x, e 3y chlhd.bo,x)efz} We have

Lemma 1 Let g € C'(2,C™) and h be a scalar valued differentiable function defined in
Qo, then

D(hg) = (Dh)g + h(Dg) = h'(x0)g(x) + h(x0)(Dg)().

LEMMA 2 For any f € C(Q,C™), A € C, we have

(D = Wf (x) = "D f)(x).

The abr Vel F’ Lg: i ca be Fyed! h, ¥, gh di, ed o, Vd i,
De He YL (717 e c”(@j, chfhd (D -2/ M), Jheere . I=her,
dg A'e h(xo)M(sz R = (f| f Jg(x). g € M(LR™)).

THEOREM | g (D — 1) = O M(R2; R™).
Proof iy d j“, y edid e o, J‘e g ceFf(D—1)f(x)= M D(e ) (x). |
CoroLLARY 1 [Iff € &(D — A), then in a neighborhood of the origin in RY',

3 (e0f)
By, -0 ’

X,
ke x=0

> X
f(x) =€ Vi (X)

k=0 (l1,.... Ir)

(1)



where

Vo(x) = e,

Vi



18 Y.F. GONG et al.

2. Suppose that the origin O € Q, then there is a neighborhood of O in Q in which f can be
written as

DL DLED XX ¥ DIf
f) = et ()

n=0 j=0 (Nseees i) 7" *h

3
i ()

where (I, ..., l—;) € {1,... ,m)".

Si y e (3 ’?(er wetiove gel [ oa Vi’e‘ ., eightr hrrdrflher,igi O,)

1
PAX XL X ¥=ipJ
o= v SV 0 g
n=0 =0 =k j=0 | (e o Fhei oo
B NN+N)( < xj[/ () 311—./1)./‘f
- ' /] ,,,,, ,, j ax
=0 n8 j=0 n=k (hhy)’” 1 hj g
Pl XX X I DJ
= _‘O @ Vll AAAAA ],,,j(x) # A
j=0 J: n=j (I1,..., In—j) Xhooe xlﬂ*/ |X=0
D J DX X D )
= i? Vi,... 1,,(@%
=01 =0 (sl I N
J
X,
= W,
j=0J°
gheefi(x), j=0,1,....k—1,ae, ¥ Fgeici Vher ¢  eghbr hrrdrflher,ig
0. Wel he efr, e have Yo v
THEOREM 3 n‘(D") has the direct sum decomposition:
b, (D) = M(ZR™) & x)M(R™) & - & x; ' M(QR™), )
I a,ecg! P P‘ (9D Rq,z_.'r'wedl hd if DFf(x) =0, he
[ = /o) + x/i() + -+ + i (), (5)

whe eD fi(x)=0,j=0,. F!cr’ ndeedl(’bea-ar’gr" Ir g hd ge
haVen Ther, ¢, 3.Q lhe F’l he h.;l dj 7! 4ir th ecrtk‘rjt! RT
ﬂ"*a I —eF’j‘F' F’gencﬁ d.r' f!he( dlf"pDz(xf -1[’ ge, ndch-ealt" eFr
gcva T hr Vhd ¥ adefﬁ' !heaf've ckhr"edR ; \J
b‘?ﬁaq gD b;hgl dx r'! !“‘ R YT
Lg,, a3 xk-TM(Q;R" & D" s:~ Thef’ 3ca=g ¥ o Ne

g, (DY) =g, (D) @ ;' M(QR™). (6)
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NAelhd fr, fenx(D")lhe eq dir, [ VYhe _irfrf Lg, h;' . 1hd
8=/~ 1/(k~Dix{ Dl (D 1) Hg ce f ¥ a=alc, ¥ite adr n.;

S(0) = g(x) + 1/(k = Dl xg ' D heeg(A)Y, a =1y 7 Feg e f M

4 THE SOLUTIONS OF p(D)f =0

Fr, a=t A e (A)_k”+blk”_'+ 4 bynbieC j=1,...,n1 eca g Fcde
R A D. ac cd gy, p(D)=D"+bD" NI NG SN
,Y'medlﬁe cha, ol IFL)‘ Ffp(D). 1 78 f dgl‘ c-l-;aT—L‘lnr Yt p(D)
i, R"a df_ dlrf | eF’ iy, ¥fp(D) a, died.
D e g, (D) = (1] A ATk >5} They & g, (P(D))y
—HLbel cm: f«eg_e Si cep()\)l?lhe dec; if”'
P = = A1)+ (A = Ap), (7)
gheerieC i=1,...,n ael o F"fp(k):O,lhe',F”cieied—{w Gun T
Dnacr e dF, p(D)hf,lhedecF l.r7 ’ﬂ ¥ -
v #
pD) = (D —xr1)--- (D — 4y). (8)
Ewe, dr, D—xii (8) cF b hYhe r
“ﬁe Ql o \lf 4 h?
LemMA 4 Let m(A) = (A — )»/c) “ be a polynomial of \, ni € N, then
L _ X XK 1 dm (A — Ap)™ 1 )
20y g (e DT 7G) L =)
P The  di#==a {_dir 1/7(r decr, fbir ilr absa fadir, :
roof e, d = 1§~ i, /n()lnfaec“‘é LA ‘a‘,?
b KX g,
7[()‘) k=1 j=1 ()" - )"k)j
We have, fr, 1 <s <1,
_ s X X . — s .
(A —Ay) _ a j(M )\si) + as. /(. — A)
(%) ket kot =1 (A — k) j=1
—Cor myu
P = L
T AN = Uy — J): s, j» :17-"aY
D Gy, TN "
l |
I—ker, &l! elhd—u_kn ! he deck, élnr’ (8) a e diffeel. I
l,? ?el hecV q.} (9) 04 be?ur'i; x’df’



THEOREM 4 If A; in (8),j =1,...,n, are all different, then

b, /(D) = g, (D — 1) & - @ g, (D — ). (10)
Proof Ilh e ehavel na di=1j ad4. Th}V —ecd -
NETA v, It ;f ﬂ'“}j_afff‘le—-i_cl:r' ”bhavahe.dmalfh
IZXYA—Aj
ket ok Me = A

'hichm | he l.dCJ‘l.'U.a—*ﬂ 4 v fr, ! he Di, ac F"Pei dr, D, v .
KY Dy
=

I = n
k=1 jk "k

whe € lr Vheidg!) "ﬁe* dr,. S, [, a whe C"(2;C"),
1

p=7S YRk (i
T ket M N
k= J#k L
Si, cefe.g(p(D)), o © have
Y Dy
Ak

J#k



CoroLLARY 4 Iff € &((D —MA)"), then f has the Taylor expansions at the origin O

DL PR XK Xj ak—ij e~ Mo
fx) = My, I 2D

k=0 j=0 (/1..,.,1/(7,-)1' 8x11...8x1,\,7/.

x=0

Proof Ther, g:“ fﬁ erh! hd f €ng,(D— )Y W ehf ¢ b, (D). The’f" e -

l.rr l hg—ﬁ’_? : er, s
A ’H ge-c;u e. L8 Ao, h bews 1 he diffe ¢! *F’Jfk, i 8 gth
| gﬂ:H- mi. o, mA---+m=n neN, j=4,...,1. The
—L Dl a F’ F, (D)L (8)ca be 'ill qi?
pD) =D —r)" - (D —n)". (14)
|
THEOREM 6 If p(D) in Eq. (8) has the decomposition Eq. (14), then
2, (/(D) = bg,(D—11)" @ - & g (D — )" (1)

Proof Ep! Aelhd fr, a wilheFr e dr, (D—1)" o, Lf o} 0V he A he,
[t’

w®

(D — 2" Ni £, Ty e ind o it (D — 2y ad ¥’ (p(D)).
Q Vhe A he Ig—d:‘ 7(d) = b (7 Ak%belhe cha, adef nc—nf:)‘g-u
(D) The, bthe |de beasedir, (9) L Lg‘ "

1 =D))reFA|e/|JoorToorteceidedy
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Rema;kS The F"F’fFfTheF' ,4a d6g‘ e![ icl deck, lnf'k g
T e F?fFfTheFl";é Ry

i ﬂ dir ﬁ‘(p(D)) edecF
lha '%ldedn Ther jed[" Laga ’,ﬂ’—;arfl‘l ng
ethGd e th’dU’ } he o efﬁcii dec?’ é )ir ﬂ .

% g]T»C{IIf fe (D — )\.1) — )P, I he e ace lhe h-ea.*:.éci .
(D K1)/()»2 AN+ (D — Kz)/(/\l—kz))ftlf f, g€ have

/,_D—Al D — X D — A D—X» D—X . D—X\

M P F S E S R VI ¥ M—h A=A A=Ay
D — ) D — 1) (D — A D— ) .

=( 1) 2( 1)( 2)f+( 2)

=) T2 = A=A (g — A

_(D- xl)zf (D=21)D—=x) D—xr . D=2, (D=2x) .

(=) ()»2 — A —A) A — A A — A (A — 2)?

(D —x)* D—1)’(D—2) . 5, (D =)D~ 1)’ D —)?
_ 1 2( 1)( 2 1)( 22/‘ ( 22](.

(2 — 1)? (k2 — 2112 (k1 — A2) ()xz A)(A1 — X2)

¥ Fge FE(D- ;eceéé ol he “Ip dihe, eq . i
e* V L each! ‘I ! tr&w h:chl hec
F drf (D — y "?' ¢ Vhy ( A)’”h—l—&lheil ha nK
I

mbe”’g;:va F’j"e a-
ll! )1(11):?)»1) (D* x/)"' W i

CorOLLARY 5 Let pD)y=D—-r)"---D—=1)", m+---+m=n, neN, j=
1,....,1, then

NF’! el hd [ Vhe,eq,, ir F'ceq NF’ ed eg o | eﬁl Foealelhd ) he gy
’YA,)”/ a ?'
y

g, (P(D) = O M(QR™) © 1 xgM(LR™) @ - @ & ¥x T M(Q:R™)

@ M M(QR™) @ MM xgM(QR™) @ - - @ M xp T M(Q; R™)

x M M(Q; R(’")) @ M0 xg M(2; R(m)) DD ek’xoxg’f1 M(2; R(’")).

Proof ) ch.c‘ ded fF”l‘ Ther, g0, 3,5 a dé6. ]

a died w=_icdir, ¥f Ther,¢ 6,1he -T-ass.qu v rffemng (p(D) ca
F be de ived F?,‘ G o, wpid ) vy ' ».

Remark 4 1 eg ff, O a wgdhd! - Vi, ¥ p(D)f =0 d‘F‘-CT-E i

—~ededlr 7 ngc ic “'dui adl-hsq ea, Eleed *&L‘lﬁ' xperd j =
Lol KRy - 1, rfihe 7, di a riiuffe e—!l’aQ Tt Wasdosto) =
(@) + o b fdx]g(xo) = 0. g he, ep(d/d’Co) = (o) — ).

Remark 5 Ther, g . 4 a d L~ d ﬂ"'L Di,ac ¥ L! p(D) i R™,
Shie G aiec 253 d Th 5dr_H a i M fr, D)).
v 84 , ?,‘ 'y h? h Mg, (P(D))



5 APPLICATION TO THE SOLUTIONS OF p(D)f =g

% Vg, Ff=g Dnac} dir, p(D)f =0 hgve be ld:ed.
lhe :ﬁ JnFTII%ed *L‘hF r'f.ﬁﬁw rae e, j‘d.r
y 9Ty

pD)f =g (20)

- bedi g ed. Thehe o p gl gFVher, g, ca be 'r'zb”v’ed.
THEOREM 7 If in the equation p(D)f = g the function g can be decomposed into g =
g1+ g, and f;(x) is a solution of p(D)f =g;, j=1,2, then fi+/f> is a solution of
pD)f =g.
THEOREM 8 Let f1(x) be a solution of p(D)f = g. Then all solutions of p(D)f = g have
the form f(x) = f1(x) + h(x), where h € n’(p(D))

Acct’ di, glr TheF’ 91 jadS!“-Lvea ;} J:F’ (20 ,€d cedV r f' da
£

a?—r_‘hr dir e ¥ geva a ach t’f'* a abl**r.z_
<" dc'TIL‘ f,dlr gWaca, 1hd ¥ f,d. gr'flheﬂ g(x) =
H(xo)cf(x) he, ¢ a? al't;,k dir i Sabeq &G e MQR™), g dihe efr, e

a,—b-!z_ea cF’ s hf_td.r 'eac-abelr’ QCea wﬂ‘!lf .
!ed ‘bthﬁl her, Fig n_‘ ea, F’Il a, wghtfe, gha dir et hd a
a’.TL‘! w rflh (20) T he g ¢ g2(x) = H(xo')G(x? G eﬁ Qj“ R™),_

Pf! he f¥ f(x) F(xo)G(vc), b e ET ‘?-51 dir, [ asea vaTmbe. The , bf d

v | he Lg‘“‘ al,

D/(F(x0)G(x)) = % Gix), j=1,...,n. (21)
X‘o

l!, eli gD LVF (20), yeae *6(5 ced F

P Fx) = Hio) (22)
X0

TEY a Pail-és»a?r’;]}l i f
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