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1 Introduction

Since the limit value formula, viz. the Plemelj formula, of the Cauchy type integral with

Bochner-Martinelli kernel was proved in 1957[1], it has been successfully used to the study

of singular integral equations, solving the ∂b



2 ACTA MATHEMATICA SCIENTIA Vol.21 Ser.B

reduce the order of singularity of higher order singular integrals, and we finally use the Cauchy

singular integral to express the higher order singular integrals. The Hadamard principal values

therefore are expressed by the Cauchy principal value.

For simplicity, we consider higher order singular integrals on the boundary of a bounded

domain D with smooth boundary in the complex plane

1

2πi

∫

∂D

f(ζ)

(ζ − z)2
dζ, z ∈ D, (1)

where f(ζ) ∈ H1(α
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In order to study the higher order singular integral with Bochner-Martinelli kernel, firstly

we study the following higher order Bochner-Martinelli type integral
∫

∂D

f(ζ)
ζk − zk

|ζ − z|2
K(ζ, z), z ∈ Cn \ ∂D, (6)

where f is differentiable and belongs to H1(α) on ∂D. We have

Lemma 1 Let f be differentiable and belong to H1(α) on D, then for any w ∈ ∂D and

any ball B(w, ǫ) of radius ǫ (ǫ is a sufficient small positive number) centred at w ∈ ∂D, we have
∫

∂D\B(ω,ǫ)

f(ζ)
ξk − ωk

|ζ − ω|2
K(ζ, ω)

= −
1

n
Cn

∫

∂(∂D\B(ω,ǫ))

f(ξ)

·

∑n
j=1(−1)j−1(ξj − ωj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − ω|2n

+
1

n
Cn

∫

∂D\B(ω,ǫ)

df(ζ)

·

∑n

j=1(−1)j−1(ξj − ωj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − ω|2n
,

(7)

where Cn = (n−1)!
(2πi)n .

Proof By integration by parts we have
∫

∂D\B(ω,ǫ)
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ζk − ωk

|ζ − ω 51288]TJ
/R31 59668.97758 Tf
10.32  Td
[2
[(Z)1.48253]85
/R64 8.96638 Tf
2.52 0Td
[3
[(w)-0.4K184(4TJ
E29 8.96638 Tf
4.68 08d
[(()-1.81178]TJ
/R64 8.96638 Tf
3.6 0 Td
[(�)-4.42404933
/R7.887(13.4597825]TJ
/R66 8.96638 Tf
4.68 014Td
[(!)-43.5.634((h)121476]TJ
/R64 8.96638 Tf
1 0 0 15Td
[(−)-3.6252]TJ
/R64 8.96638 Tf
4.68 08dd
[5
[(()3.41))-4.60T
Q
q 40 0 0 -4 1064.9 9376.9 cm
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R66 8.96638 Tf
1 0 0 1 169.5623d
[(@Tm
[(|)4.43nJ
/3 TmR64 8.4 Td6
[(w)-0.4C825]
/R931 5.97758 Tf
6 -1.08.92 0
[(;)0.74n) Td1
/R35 9.96264 Tf
-43.9244 Tdd
[(a)-5.8504]TJ
/R31 5.97758 Tf
5.52 -22.68 Td
[(@)-64.0246(D)-344721]TJ
45562 5.97758 Tf
10.56 0 Td
[(n)-3.51288]TJ4/R9 9.967758 Tf
3.84 0 Td
[(B)3.10486]TJ24143 5.97758 Tf
5.76 0 Td
[(()-0.319798]TJ
/R64 8.97758 Tf
2.88 0 Td
[(!)-43.2193(;)-39.9994(�)871086]TJ
/R43 5.97758 Tf
10.32 0 Td
[())-0.318573]TJ
/R64 8.96638 Tf
4.8 9.36 Td
[(f)3.65297]TJ
/R29 8.96638 Tf
5.4 0 Td
[(()-1.81178]TJ34R64 8.96638 Tf
9.12 0Td
[(�)-4.42408]TJ
/R29 8.96638 Tf
4.68 0 Td
[())-1.81178]TJ34R64 8.96638 Tf
1 0 0  Tdd
[(P Td
[(·)0.7425
/R37/R29 8.96264 Tf
-43.92 Td
[16
[(@)-64."65(e)19164 8.494 Td
[(k)5.050145]TJ
/R37 6.97158 Tf
10.56 0 Td
[Td
[(n)0.6942 Td137/37 6L
T*[(|)8.125799]TJ/R33 6.97758 Tf
10.32 3Td
[(()-0.4763 0521.2153]8TJ
129 8.96638 Tf
4.68 094 Td3
[(Z)1.4881178]TJ
/R64 8.96638 Tf
9.12 0Td
[(�)-4.4252]TJ
/R64 8.96638 Tf
4.68 0Td
[(−)-5.11))-4.60T.81178]TJ
ET
Q
q.97158 Tf
10.56 40.16d
[(|)8.126799]T44R64 8.96258 Tf
10.32 3Td
[(()-0.−857363TJ
743 5.97758 Tf
5.76 0 Td
[(()-0.153]85
/R64 8.96638 Tf
4.68 0 T2 Td
[(()3.446478]TJ
ET
Q
q 40 0 0 -4 1240.9 3m
BI
8(h
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.56 5 Td
[383
[(D)-3.12408]TJ
/R31 5.97758 Tf
4.8 -2.268 Td
[(k)-1.66799]T44R64 8.96638 Tf
6.12 0 Td
[(−)-3.6252]TJ
ET
Q
q 51 0 0 -4 1412.9 375BI
8(m
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.56 77
[(w383
[(D)-3.17825]TJ
/R31 5.97758 Tf
6 -1.08
[(w 0
[(;)0.746799]T44R64 8.96638 Tf
4.68 0 Td
[(
[(;)0.7481178]TJ
ET881178]TJ
/R64 8.96638 Tf
9.12 0Td
[(−)-5.1461]TJ
/R64 8.96638 Tf
4.68 0Td
[(−)-5.11))-4.60T.81178]TJ
ET
Q
q.97158 Tf
10.56 40.16d
[(|)8.120022]TJ
/R66 8.96258 Tf
4.8 -2.208[(()-0.−857363TJ
743 5.97758 Tf
5.76 0 Td
[(()-0.153]85
/R64 8.96638 Tf
4.8 9.362 Td
[(d)2.5495-5]TJ81512408]TJ
/R31 5.97758 Tf
5.76 014.4 T(
[(;)0.74153]85
/R64 8.96638 Tf
6.12 0 Td
[(
[(;)0.74.665(·)8917.889(13.467.889(13.467.88236)3.44∧))-16R29 8.96638 Tf
5.4 0 29Td
[(H)0.14[5
/R371564 8.96638 Tf
4.8 9. Td
[(�)-4.495-5]TJ65112408]TJ
/R31 5.97758 Tf
4.8 -214.4 Td
[(k)-1.60022]J
77R29 8.96638 Tf
5.4 0 .44 Td
[(k)-1.6]5
/R371564 8.96638 Tf
5.4 0 .44 T(∧)-212.62(38)-0.1.889(13.467.889(13.467.882dd
[(4∧))-16R29 8.96638 Tf
4.8 9. 9Td
[(H)0.1495-5]TJ65112408]TJ
/R31 5.97758 Tf
4.8 -214.4 T0
[(;)0.74n) Td1
/R35 9.96638 Tf
9.12 0Td08[(
[(;)0.74.6)-16R29 8.96638 Tf
4.8 9..44 T(H)0.1495-5]TJ651
Q
q 40 0 0 -4 1240.928164.98(h
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.563411.28383
[(D)-3.12408]TJ
/R31 5.97758 Tf
5.76 0.268 Td
[(k)-1.6153]8T12364 8.96638 Tf
6.12 0 Td
[d
[(k)-1.6.665(·)897.889((h9.1.889(13.467.882dd
[(4∧))-16R29 8.96638 Tf
5.4 0 29Td
[(H)0.14[5
/R371564 8.96638 Tf
4.8 9. Td
[(�)-4.495-5]TJ651
Q
q 40 0 0 -4 1240.932442.98(h
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.5639 Td
[383
[(D)-3.12408]TJ
/R31 5.97758 Tf
4.8 -2.28 Td
[(k)-1.66799]T44R64 8.96638 Tf
4.68 0 Td
[d
[(k)-1.6]5
/R371564 8.96638 Tf
5.4 0 .44 T(∧)-212.62(38)-0.1.889(13.467.889(13.467.882dd
[(4∧))-16R29 8.96638 Tf
4.8 9. 9T4 T(H)0.1495-5]TJ651
Q
q 40 0 0 -4 1240.93675BI
8(h
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.56441
[(w383
[(D)-3.12408]TJ
/R31 5.97758 Tf
4.8 -2.2d
[Td
[(k)-1.6n) Td1
/R35 9 261 0 094-4 1386.9814Td98 315
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R64 8.96638 Tf
1 0 0 1 148.922597.72369
[(n)-2.0|5
/R371564 8.96638 Tf
4.8 9. Td
[(�)-4.42408]TJ
/R66 8.96638 Tf
6.84 0 T7
[(−)-5.1461]TJ
3/R35 9.96638 Tf
9.12 0 Td
[(1)1.607825]TJ66R66 8.96638 Tf
6.6 2.28d
[(51288]TJ
/R371564 8.97758 Tf
10.32  Td
[2
[(n)0.69253]8T12364 8.97758 Tf
3.84 0 T
[(n)-3.512 Td1
/R35 9.96264 Tf
-43.92cm
B.4 20
[(k)-1.6#65(e)-1.64 8.96638 Tf
4.68 0-375B44 T46
[(@)-64.476]TJ
/R64 8.96638 Tf
1 0 0 10d
[(−)-5.1461]TJ
/R64 8.96638 Tf
4.68 08dd
[5
[(()3.41))-4.60T
Q
q 40 0 0 -4 1064.97723.98 290
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R64 8.96638 Tf
1 0 0 1 169.5692.4 T3(t)38|)4.43nJ
/3 32164 8.4 Td6
[(w)-0.4C825]
/R/R31 5.97758 Tf
4.8 -28.92 0
[(;)0.74n) Td137/37 6.96264 Tf
-43.9244 Tdd
[(a)-5.8504]TJ
/R31 5.97758 Tf
5.52 -22.68 Td
[(@)-64.0246(D)-344721]TJ
/R62 5.97758 Tf
10.56 0 Td
[(n)-3.51288]TJ4/R9 9.967758 Tf
3.84 0 Td
[(B)3.10486]TJ
/R43 5.97758 Tf
5.76 0 Td
[(()-0.319798]TJ
/R64 8.97758 Tf
2.88 0 Td
[(!)-43.2193(;)2167.887.80116086]TJ
/R43 5.97758 Tf
10.32 0 Td
[())-0.318573]TJ
/R64 8.96638 Tf
1 0 0  67.68 Td
[(@)-64.25
/R37/R29 8.96638 Tf
4.8 9. Td
[(�)-4.495-5]TJ73337 6.96264 Tf
-43.9244d
[16
(@)-64."65(e)19164 8.96638 Tf
2.52 0Td.08 T6
(@)-64.297]TJ
/R29 8.96638 Tf
5.4 0 Td
[(()-1.81178]TJ2R35 9.96638 Tf
9.12 0Td
[(�)-4.42408]TJ
/R29 8.96638 Tf
4.68 0 Td
[())-1.81178]TJ2R35 9.96264 Tf
-43.92.28 15
[(Z)1.480145]TJ07264 8.97758 Tf
2.88 00 Td
[Td
4;)0.74n) Td15
129 8L
T*[(|)8.125799]T44R64 8.97758 Tf
10.32 3Td
[(()-0.4763 05396.153]85
/R64 8.96638 Tf
4.68 094 Td3
[(Z)1.4881178]TJ
/R64 8.96638 Tf
9.12 0Td
[(�)-4.4252]TJ
/R64 8.96638 Tf
4.68 0Td
[(−)-5.11))-4.60T.81178]TJ
ET
Q
q.97158 Tf
10.56 40.16d
[(C)4.066799]T44R64 8.96258 Tf
10.32 3Td
[(()-0.−857363TJ
743 5.97758 Tf
5.76 0 Td
[(()-0.153]85
/R64 8.96638 Tf
4.68 0 T2 Td
8(Z)1.4881178]TJ
/R64 8 40 0 0 -4 1240.9 4s)-36 475BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.56 79d
[321.6D)-3.12408]TJ
/R31 5.97758 Tf
4.8 -2.268 Td
[(k)-1.66799]T44R64 8.96638 Tf
6.12 0 Td
[(−)-3.6252]TJ
ET
Q
q 51 0 0 -4 1412.9 659-36 425BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.56 9 Td[321.6D)-3.17825]TJ
/R31 5.97758 Tf
6 -1.08
[(w 0
[(;)0.746799]T44R64 8.96638 Tf
4.68 0 Td
[(
[(;)0.7481178]TJ
ET881178]TJ
/R64 8.96638 Tf
9.12 0Td
[(−)-5.1461]TJ
/R64 8.96638 Tf
4.68 0Td
[(−)-5.11))-4.60T.81178]TJ
ET
Q
q.97158 Tf
10.56 40.16d
8(Z)1.480022]TJ
/R66 8.96258 Tf
4.8 -2.208[(()-0.−857363TJ
743 5.97758 Tf
5.76 0 Td
[(()-0.153]85
/R64 8.96638 Tf
4.8 9.362 Td
8(Z)1.4895-5]TJ65112408]TJ
/R31 5.97758 Tf
5.76 014.4 T(
[(;)0.74153]8T12364 8.96638 Tf
6.12 0 Td
[(
[(;)0.74.665(·)897.889(13.467.889(13.467.88236)3.44∧))-16R29 8.96638 Tf
5.4 0 29Td
[(H)0.14[5
/R371564 8.96638 Tf
4.8 9. Td
[(�)-4.495-5]TJ65112408]TJ
/R31 5.97758 Tf
4.8 -214.4 Td
[(k)-1.60022]J
77R29 8.96638 Tf
5.4 0 .44 Td
[(k)-1.6]5
/R371564 8.96638 Tf
5.4 0 .44 T(∧)-212.665(·)897.889((h9.1.889(13.467.882dd
[(4∧))-16R29 8.96638 Tf
4.8 9. 9Td
[(H)0.1495-5]TJ65112408]TJ
/R31 5.97758 Tf
4.8 -214.4 T0
[(;)0.74n) Td1
/R35 9.96638 Tf
9.12 0Td08[(
[(;)0.74.6)-16R29 8.96638 Tf
4.8 9..44 T(H)0.1495-5]TJ651
Q
q 40 0 0 -4 1240.93071-36 475BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.5636896 Td21.6D)-3.12408]TJ
/R31 5.97758 Tf
5.76 0.2d
[Td
[(k)-1.6153]8T12364 8.96638 Tf
6.12 0 T24[d
[(k)-1.6.665(·)897.889((h9.1.889(13.467.882dd
[(4∧))-16R29 8.96638 Tf
5.4 0 29Td
[(H)0.14[5
/R371564 8.96638 Tf
4.8 9. Td
[(�)-4.495-5]TJ651
Q
q 40 0 0 -4 1240.934801.9 475BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.564190.24321.6D)-3.12408]TJ
/R31 5.97758 Tf
4.8 -2.268 Td
[(k)-1.66799]T44R64 8.96638 Tf
4.68 0 T96[d
[(k)-1.6]5
/R371564 8.96638 Tf
5.4 0 .44 T(∧)-212.62(38)-0.1.889(13.467.889(13.467.882dd
[(4∧))-16R29 8.96638 Tf
4.8 9. 9T4 T(H)0.1495-5]TJ651
Q
q 40 0 0 -4 1240.93859-36 475BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 169.56463.24321.6D)-3.12408]TJ
/R31 5.97758 Tf
4.8 -2.2d
[Td
[(k)-1.6n) Td1
/R35 9 261 0 094-4 1386.99983.98 26m
BI
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R35 9.96638 Tf
1 0 0 1 148.922711.28307
[(k)-2.0|5
/R371564 8.96638 Tf
4.8 9. Td
[(�)-4.42408]TJ
/R66 8.96638 Tf
6.84 0 T7
[(−)-5.1461]TJ
3/R35 9.96638 Tf
9.12 0 Td
[(1)1.607825]TJ66R66 8.96638 Tf
6.6 2.28d
[(51288]TJ
/R371564 8.97758 Tf
10.32  Td
[2
[(Z)1.48253]8T12364 8.97758 Tf
3.84 0 T
[(n)-3.512 Td1
/R35 9.96264 Tf
-43.92cm
B.4 20
[(k)-1.6#65(e)-1.64 8.96638 Tf
4.68 0-38.96 TT46
(k)-1.6+61]TJ
/R64 88dd
[5
[(()3.41))-4.60T
Q
q 40 0 0 -4 1064.97723.98 2383
I
/IM true
/W 1
/H 1
/BPC 1
ID −
EI Q
q
8.33333 0 0 8.33333 0 0 cm BT
/R64 8.96638 Tf
1 0 0 1 169.5692.4 T277
[(k)-2.0nJ
/3 32164 8.4 Td6
[(w)-0.4C825]
/R/R31 5.97758 Tf
4.8 -28.92 0
[(;)0.74n

∂D\B (



4 ACTA MATHEMATICA SCIENTIA Vol.21 Ser.B

= PV
1

n
Cn

∫

∂D

df(ζ)

·

∑n

j=1(−1)j−1(ζj − ωj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − ω|2n
.

(8)

Obviously, the above definition of Hadamard principal value is simpler and clearer than

that in [8]. This definition has some advantages: 1) it has discarded the divergent part of the

higher order singular integral directly, and only kept the finite part. In this way we can avoid

complicated calculations in applications; 2) it is defined at a general point ω ∈ ∂D; and 3) the

Hadamard principal value is in terms of the Cauchy principal value, so we can utilize the results

of the Cauchy principal value directly.

As example, by the Plemelj formula of the Cauchy singular integral on ∂D(see[1− 4]), we

have

Theorem 1 (The Plemelj formula for higher order singular integral) Under the assump-

tions in Definition 1, if z approaches ω ∈ ∂D from the inner part and the outer part of D, then

for the higher order Bochner-Martinelli type integral

F (z) =

∫

∂D

f(ζ)
ζk − zk

|ζ − z|2
K(ζ, z) z ∈ Cn \ ∂D (9)

it follows the Plemelj formula

Fi(ω) = FP

∫

∂D

f(ζ)
ζk − ωk

|ζ − ω|2
K(ζ, z) +

1

2n

[

∂f

∂ωk

(ω) + (−1)n ∂f

∂ω1
(ω)

]

, (10)

Fe(ω) = FP

∫

∂D

f(ζ)
ζk − ωk

|ζ − ω|2
K(ζ, z) −

1

2n

[

∂f

∂ωk

(ω) + (−1)n ∂f

∂ω1
(ω)

]

. (11)

Proof By integration by parts and Stokes’ formula we have

F (z) =

∫

∂D

f(ζ)
ζk − zk

|ζ − z|2
K(ζ, z)

= −
1

n
Cn

∫

∂D

f(ζ)

·d

[

∑n

j=1
(−1)j−1(ζj − zj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − z|2n

]

= −
1

n
Cn

∫

∂D

·d

[

f(ζ)

∑n

j=1
(−1)j−1(ζj − zj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − z|2n

]

+
1

n
Cn

∫

∂D

df(ζ)

·

∑n

j=1
(−1)j−1(ζj − zj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − z|2n

=
1

n
Cn

∫

∂D

df(ζ)

·

∑n

j=1
(−1)j−1(ζj − zj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − z|2n
.
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Therefore,

Fi(ω) = lim
z→ω+

1

n
Cn

∫

∂D

df(ζ)

·

∑n

j=1
(−1)j−1(ζj − zj)(−1)k−1dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ [dζj ] ∧ · · · ∧ dζn

|ζ − z|2n

= lim
z→ω+

1

n

∫

∂D

∂f

∂ζk

(ζ)K(ζ, z) + (−1)n−1 1

n
Cn lim

z→ω+

∫

∂D

1

|ζ − z|2n

·

n
∑

j=1

∂f

∂zj

(ζj − zj)dζ1 ∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ dζn.

Owing to [8],

lim
z→ω+

(−1)n−1Cn

∫

∂D

1

|ζ − z|2n

n
∑

j=1

∂f

∂ζj

(ζj − ζj)(−1)k−1dζ1

∧ · · · ∧ [dζk] ∧ · · · ∧ dζn ∧ dζ1 ∧ · · · ∧ dζn

= (−1)n−1CnPV

∫

∂D

1

|ζ − ω|2n

n
∑

j=1

∂f

∂ζj

(ζj − ωj)(−1)k−1dζ1

∧ · · · ∧ [dζk] ∧ · · · ∧ dζn +
1
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Theorem 2 (Composite formula for higher order singular integrals) Suppose that φ(ξ)

is holomorphic in a neighbourhood of ∂D, that is
∂φ(ξ)

∂ξ
= 0 in U(∂D), then the composite

formula

∫

∂Dη

K(ζ, η)

∫

∂Dξ

φ(ξ)
ηk − ζk

|η − ξ|2
K(η, ξ) =

1

4

∂φ(ζ)

∂ζk
(13)

holds. In the notation

Sφ = 2

∫

∂Dξ

φ(ξ)K(η, ξ) (14)

S1φ = 2

∫

∂Dxi

φ(ξ)K1(η, ξ), K1(η, ξ) =
ηk − ξk

|η − ξ|2
K(η, ξ), (15)

the composite formula can be written as

SS1φ = 4

∫

∂Dη

K(ζ, η)

∫

∂Dξ

φ(ξ)K1(η, ξ) =
1

n

∂φ(ζ)

∂ζk
. (16)

Proof The assumption
∂φ(ζ)

∂ζ
= 0 in U(∂D) implies that φ(ζ) can be holomorphically

extended into D. Hence the composite formula (12) for
∂φ(ζ)

∂ζk
holds. Owing to Definition 1 we

have
∫

∂Dη

K(ζ, η)

∫

∂Dξ

φ(ξ)
ηk − ξk

|η − ξ|2
K(η, ξ)

=

∫

∂Dη

K(ζ, η)

∫

∂Dξ

1

n
Cndφ(ξ) ·

·

∑n

j=1
(−1)j−1(−1)k−1(ξj − ηj)dξ1 ∧ · · · ∧ [dξk] ∧ · · · ∧ dξndξ1 ∧ · · · ∧ [dξk] ∧ · · · ∧ dξn

|η − ξ|2n

=
1

n

∫

∂Dη

K(ζ, η)

∫

∂Dξ

Cn
∂φ(ξ)

∂ξk

∑n

j=1
(−1)j−1(ξj − ηj)dξ1 ∧ · · · ∧ dξn ∧ dξ1 ∧ · · · ∧ [dξk] ∧ · · · ∧ dξn

|η − ξ|2n

=
1

n

∫

∂Dη

K(ζ, η)

∫

∂Dξ

∂φ(ξ)

∂ξk

K(η, ξ) =
1

4n

∂φ(ζ)

∂ζk

.

The proof is complete.

Remark Assume that D is a complex ball and φ = Ps,t is a homogeneous harmonic

polynomial of degree s with respect to z, and degree t with respect to z. Then for n > 1, the

composite formula (12) in the case of the Cauchy singular integral cannot hold, unless when Ps,t

is a holomorphic polynomial, i.e. when t = 0. So in Lemma 2 we assume that φ(ζ) ∈ C(1)(∂D),

and that it can be holomorphically extended into D. Likewise, in Theorem 2 we assume that

φ(ξ) is holomorphic in a neighbourhood of ∂D
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Applying the operator

Sφ = 2

∫

∂Dξ

φ(ξ)K(η, ξ)

to both sides of (17), we have

SS1φ =
1

n

∂φ(ζ)

∂ζk
= Sψ =

∫

∂Dη

ψ(η)K(ζ, η), (18)

Under suitable boundary conditions we can uniquely solve the above partial differential equation

for φ.

4 Higher Order Singular Integral Equations and Partial Differential

Integral Equations

In this section we discuss the linear space L which consists of complex value differentiable

functions whose partial derivatives satisfy the Hölder condition on ∂D. In fact, the higher order

Bochner-Martinelli singular integrals induce linear operators on L. In the following we solve

the higher order singular integral equations with Bochner-Martinelli kernel.

We consider the higher order singular integral equation

aSφ+ bS1φ+ Tφ = ψ, (19)

where a, b are complex constants, ψ ∈ L is a given function, Tφ =
∫

∂Dξ
φ(ξ)L(η, ξ), where the

kernel L(η, ξ) is a complex exterior differential form of degree 2n− 1 and L(η, ξ) ∈ H1, i.e. the

first order partial devivatives of L(η, ξ) with respect to η and ξ satisfy the Hölder condition on

∂D.

Firstly, we consider the characteristic equation of (19)

aSφ+ bS1φ = ψ. (20)

Indeed, by Definition 1, it is a differential and singular integral equation.

Applying the operator

M = aI − bS, (21)

where

Iφ = φ (φ ∈ L), (22)

to both sides of (20), and utilizing the composite formula (16), we have

aφ+
b

n

∂φ(ζ)

∂ζk
= Sψ. (23)

Solving this partial differential equation under suitable boundary value conditions we can obtain

the unknown function φ uniquely.

The general equation (19) can be reduced to a equivalent Fredholm equation by using the

operator M. In fact, applying the operator M to equation (19) and using composite formula

(16), we have

aφ+
b

n

∂φ(ζ)

∂ζk
+ STφ = Sψ. (24)
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Applying the theorem of exchanging order of integration for singular integral and ordinary

integral ([2] Th.4.5.1), we have

STφ =

∫

∂Dη

K(ζ, η)

∫

∂Dξ

φ(ξ)L(η, ξ)

=

∫

∂Dξ

φ(ξ)

∫

∂Dη

L(η, ξ)K(ζ, η).

We can then prove that
∫

∂Dη
L(η, ξ)K(ζ, η) satisfies the Hölder condition with respect to ξ and

ζ ([2] p.292). Therefore, (24) is a Fredholm equation.

Equation (24) and (19) are equivalent. To show this we need only prove that the solution

of (24) satisfies equation (19). In fact, applying the operator

M∗ = aI + bS (25)

to both sides of (24) and use composite formula (16) we obtain (19) immediately.

To summarise, we have

Theorem 3 Suppose that in equation (19), a, b are complex constants, ψ ∈ L, and the

kernel L(η, ξ) of operator T belongs to H1, then

(i) The solution of the characteristic equation (20) of (19) can be obtained uniquely in L

by solving the partial differential equation (23) under suitable boundary value conditions.

(ii) In L, the higher order singular integral equation (19) is equivalent to the Fredholm

equation (24).
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