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More speci cally, when all a;’s are zero the system reduces to the classical nite impulse response (FIR)
models, a half of the Fourier system [5], namely, {z*}2° , a basis of the Hardy spaces H?(D),1 < p < oo.
For general parameters a;, is a system {Ez_ }52, which is the basis of a Hardy H? space for p € (1, c0)
only if the hyperbolic non-separability condition is satis ed. For p = 2, a TM system is always an
orthonormal system of H?(D), regardless of whether it is a basis, i.e., regardless of whether the hyperbolic
non-separability condition is met.

Such systems have been well studied in pure mathematics and applied science [2,3,6,8,16,19,20,23,24].
In recent decades, engineers have paid a signi cant amount of attention to rational orthogonal systems
in the unit disc case [1,12{14,18]. For system identi cation of stable linear time-invariant systems, it
is crucial, in practice, to form dynamical models from measured data. Rational model structures, such
as the ARX (autoregressive with exogenous terms) and ARMAX (autoregressive moving-average with
exogenous terms) models are natural choices, because almost all systems can be described by rational
transfer functions (Hardy space functions) [9, 10]. Recently, researchers in time-frequency analysis have
shown an increasing interest in rational orthogonal systems to investigate analytic signals from a nonlinear
phase in L?(9D) or H3? (D) with a positive instantaneous frequency. Here, H2 (0D) and H? (9D) consist
of the non-tangential boundary limits of the complex Hardy H? functions inside and outside the unit
disc, respectively. Due to E; € H?(D) and taking the non-tangential boundary limits of E; , we get
the boundary TM systems {ez, }22, C H3(0D) de ned by

ea,(t) = lim Ez (re), teT=[-m,7] (1.3)
r—1-
for some vector @,, = (ao, ..., an—1,a,)" € D!, and in particular, the Laguerre and the Kautz systems
en(t) == lim E,(re'), teT. (1.4)
r—1-

The system {ez, }°52, consisting of basic functions of nonlinear phases is an orthonormal basis of H? (OD)
if the hyperbolic non-separability condition is met. Here, a nonlinear phase is such that each ez, has the
polarized factorization ez, (t) = p,(t)e!~(®) with the nonlinear phase function 6,,. Since the space L?(0D)
can be expressed as the direct sum of the two relevant boundary Hardy spaces, namely, L?(0D) =
H?(0D)® H? (0D), the system {ez, }°° (U {ez, 122, is an orthonormal basis of L?(0D) if the two systems
are bases in their respective spaces.

The fundamentality of the Fourier system demonstrated by its explicit representations, generality, and
e ectiveness depends, to a large extent on the general entries of the system. Research results on TM
systems and their general terms, namely, nonlinear Fourier atoms can be regarded as advances of Fourier
theory. They include a Bedrosian identity, nonlinear phase basis, adaptive algorithm (see [4,15,17,18]).

Notice that the operator j—; : C?[—7, 7] — C[—m, ] has a discrete spectrum, a discrete set of the
eigenfunctions e, that is the Fourier system. (Notice that if the domain is changed to R, the spectrum
will be continuous and e will be the generalized eigenvectors.) It is natural to ask whether any general
rational system would have a spectral operator £. This note gives a part of the answer to this question.
We will use the Weyl correspondence theory to investigate the spectral operators of the Laguerre systems
and the Kautz systems {e,}>,. Concretely, we will look for F' € S’(R?) to generate a di erential
operator £ through the Weyl transform (2.2) such that e,, is the eigenvector of £. We also generalize the
results to the cases of multiple parameters with a complex variable in both the unit disc and the upper
half-plane contexts.

We found that the spectral operators of the Laguerre systems and the Kautz systems are closely related
to the general Sturm-Liouville operators. We will deal with the general Sturm-Liouville operators under
the framework of Heisenberg group and Weyl correspondence.

Section 2 reviews the Heisenberg group and Weyl correspondence, and then discusses how to generate
the Sturm-Liouville operators. Section 3 focuses on the spectral operator of the Laguerre systems and
the Kautz systems. Section 4 generalizes the results of Section 3 to the multiple-parameter cases through
the one complex variable setting. Section 5 considers the upper half-plane. Section 6 discusses the Cayley
transformation method that converts the results of the upper half-plane to the unit disc and vice versa.
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2  Weyl correspondence and Sturm-Liouville operators

The group representation of Heisenberg group suggests an exponential type operator e27i(pD+e¥)
(see (2.1)) and then leads to the Weyl correspondence theory to generate pseudo-di erential operators.
The full Heisenberg group is the set (R™)? x R with the multiplication

®, ¢, D, a.d) = <p+p,q+q,d+d’+ ;[@7q),(P7Q)]),

where the symplectic product on the phase space (R™)? is de ned by [(p, q), (p, 9] = pg — gp. For p,q €
R",d € R, denoted by R4, M, and 7,, the usual rotation, modulation, and translation operators are
de ned, respectively, by

Raf(x) = e f(z), M,yf(x) =€ f(z), T,f(x)=f(x—p), xeR"

The Schrodinger representation of the full Heisenberg group is the unitary operator RgMa7_,M 4. Up
to the rotation factor R4, the symmetric form AM47_, M4 is crucial in harmonic analysis in the phase
space. We adopt Folland’s notation [7]:

p(p, q) — e27ri(PD+qX) = M%T_p/\/{% . (2]_)
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Weyl’s prescription for assigning an operator o(D, X)) to a function o(&,x) amounts to postulating
that the exponential function e2™i(?¢+42) should correspond to the operator p(p, q) = e2™(#PP+a¥) de ned
in (2.1). Once this is granted, one can expand an arbitrary o(&,x) in terms of an exponential via the
inverse Fourier transform o(¢,z) = k.. J. 6, q)e>™ (PE+9%) dpdq to create a new operator

D)= [ [ 6PN dpdy = (o) 2.4)

This integral is a Bochner integral if # € L'(R?"). Proposition 2.1 indicates that the notation o(D, &)
= p(6) makes sense as an operator from S(R™) to S'(R™) whenever # and o are both tempered
distributions.

From (2.3), o(D, X) = p(8) is an integral operator whose distribution kernel is

Kotoo) = 550 (v -0 257 ) = i) (- . 257 )

= ’ (5’ ) a2mi(z— y)£d§
Rn

As a consequence, the operator (D, X) = p(8) is given by

@210 = [ [ o6 G ) @25)

In the rest of this section, we investigate di erential operators of order 2 generated by (2.5), which
maps S(R) to S’(R).
Theorem 2.2.  Suppose that o(&,t) = >/, re()EF. Then the operator o(D, X) is gijen &

m k k k k—j jk—
e
k=0 j=0b NJ

Proof. We write o(D, X) f(t) as

ol Lty
(o(e5
s

k(t )5’“ e2mi-% () dyde
R

o(D. ) (1) )e?”i“—wff(y)dydg

~—

j

I
=

k

3 i

3

. é.k |:/I;& f(y)'f'k <t_|2_y> e27riy5dy:| e2ﬂ'it£d€
. gk]_-

k oﬂ{R

. oﬂ(R FOre (t;_r)] (€)e?m it dg
7 {erron () fo.

k=0

By using the relation ' (:*Ff())(z) = (% k4" £(2), it follows that

dxk

m k
}'(27”) d [f( yr k(t”ﬂ
k=0 =t
R e AN A PN
B k=0ﬁ27ﬂ> j:‘oﬁj ) <2) dtk*J ( )dtJ f(t)

This completes the proof. O

3 i

o(D, X) f ()
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In particular, when m = 2, we have

o(D, X)f(1)
SRR AVA A di
= wto) #))E) moromo
k=0 j:b J

OO + 5 (Tl(t)f(t)+7"1(t)f (t)) L (1r5(t)f(t)+r;(t>f’(t)+r2<t>f"<t)>

(ro)+ 5740 - 1240 1)+ (ﬁ(t) 250 10~ 4010,

Therefore, we obtain the following corollary.
Corollary 2.3.  Set a(&,t) = ro(t) + ri ()€ + ro()E2. The operator o(D, X) defined in (2.5) is

2
0.0y = =2+ (50 - 730 5+ (nO + i - o) @)

Theorem 2.4. Suppose that o(D,X) is defined & (2.5). Then o(D,X) = a(t)él—:2 + b(t)% + c(t)Z
ond if
o€, t) = (c(t) — %b’(t) + ia”(t)) + 27i(b(t) — a' (1))€ — 4n2a(t)E. (2.8)

Proof.  Set a(&,t) = ro(t) +r1(t)€ +ro(t)€2. Equation (2.7) leads to a relationship between (a, b, ¢) and
(ro,71,72) as follows:

a(t) =~ g57a(0)
b(t) = —n(t) a0,

o) =ro(®) + 4 Tl(t) 5 (2).

1622

Solving these equations, we obtain that r,(t) = —4n2a(t), r1(t) = 2ri[b(t) + ﬁr’g(t)] = 2ri[b(t) — o’ (t)],
and

ro(t) = c(t) — 7"1( )+ 5 (t)
o 2 "
167r2[ 4%a(t)]
=c(t) — %b’(t) + %a”(t).
This completes the proof of this theorem. O

We now turn to the Sturm-Liouville operator. A general Sturm-Liouville operator £, , has the form
Lo =u(t)Lo(t)L, where u and v are de ned on an interval I = (a,b), (a, +0), or R.

Theorem 2.5.  The Sturm-Liou jyille operator L, ,, can be generated through (2.5) yith the kernel

a(&,t) = % [’ ()v(t) — u@)v” ()] — 2riv () v(t)é — An?u(t)v(t)E. (2.9)

Proof.  The identity (2.9) is a direct consequence of (2.8) for a(t) = u(t)v(t), b(t) = w(t)v'(t) and
c(t) =0. O

Corollary 2.6.  The kernel function o(¢&,t) = —2miu(t)u' (£)€ — 4n2u?(t)€? determines the operator

L, = u(t)%u(t)% = u2(t);—; + u(t)u’(t)%. (2.10)
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Throughout the paper, we will investigate the generalized Sturm-Liouville operators
L=Ly,+ pap (2.11)

with p, 5 = a(t)% + [(t)Z for some di erential functions u,« and 3. For the kernel of the operator L,
we have the following theorem.

Theorem 2.7.  The kernel function
o(6.t) = (ﬂ(t) - ;o/(t)) + @rialt) — 2miu(ty () — dx2u(1)E>

determines the operator L defined in (2.11).

Proof. By Theorem 2.4, we know that (D, X) = a(t)% + B@)Z if and only if o(&,t) = (B(t) — %a’(t))
+ 2mia(t)€. Combining this with Corollary 2.6 and (2.11), the proof is completed. O

3 Spectral operators of the Laguerre systems and the Kautz systems

For any parameter a in the unit disc, D := {z = = + iy : |2| < 1}. Denote the Poisson kernel for the unit
disc by
1-|af?

m’ t e T- (3-1)

pa(t) =

De ne the real-valued function 6, : T = (—m,7) — R by e(*) = 2=a| _ .+ e T with the exten-

l—az 1%

sion principle 6,(t + 27) = 27 + 0,(t). We note that the density function of the harmonic measure is

0,(t) = pa(?).
Suppose that £, is de ned in (2.10) with u = 1%() De ne the di erential operator £ by

L=Ly+ pu B.2)

: _ — i — i T AG)
with Ou _.@a,,@ and Oé(t) = (IT(I’EEW and ﬂ(t) = (T—ac—)p2 (2) (| — Za(t))
The main result of this section is the following.
Theorem 3.1.  Suppose that L is defined in (3.2). Then
L(en(®)) = —(n+ 1)%en(?). (3-3)
Proof.  To proceed with the proof, we need two identities. The rstis

%en(t) = I((n + D)pa(t) — 1—clzeit>€n(t)’ teT.

The second is

d? . —it
GO =0+ Do, Oen(®) = G mmaen® = (0 + D(0en(?)
- men(t) + 2(7;f%‘t)fj‘;(t)en(t).
Using the representations of %e,(t) and %en(t), we have
en(t) _ Pa(t) ae™
2 i(n+ 1)p3 o) en(t) — = ae 220 en(t) — (n+1)2e, (1)
1 en(t) + 2(n+1) en()

T (L= ae2p2(2) (1 — ae=t)p,(t)
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and
AQK VAG 1
B CREE  (VORE = PO
20 o 1

(n + 1)€n(t) +1 76n(t)-

PO T~ ae ¥

pa(t)
On one hand, this gives
i ¢ &)

Lo(en®) = u?(t) ©
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4.1 Boundary TM systems

Set N
pa, )= I, (), teT, (4.1)
j=0
where p, is de ned in (3.1).
Now recall the Sturm-Liouville operator £,, in (2.10). For the sequence {a,, : n =0,1,...} of parameter
vectors in the TM system, de ne the operator sequence L., v by

d2

d
R OUAQ

d d
Ly, = un(t)%un(t)% = ugl(t)
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pan( ) ane it
2 (t) e, () — (1-— anefit)ng‘n 0) ez, (t) — ez, (1)
- a0+ :
(1 —ane=)2pZ (1) " (1 — ane~")pg, (t)
pa,L( ) pa”( ) 1
O RS0 e A
apeit 1

RO e SRR (e i 0y

ea, (t)

ea, (1)

2 pan( ) 1

+ (l _ aneiit)pd{” (t) €a, (t) pan (t) 1— ape~ it €a, (t)

2 1+ q,e” 1
= —egz (t) + - a. (1) — - a (t
B PN O M N (IR0 O M

pa (OR
= it a'n,(t)
(t) 1-a,e”
Conversely, we have
2i 2i . 1
A ane 2 ) 0= aneit)pgn@)'(p‘i"(t)‘ 1—aneit>€5"(t)
2 2

€z, @) + €a, ®.

(L= ane)pa, (1)

The summation of £, 7(ez, (t)) and Hw_z—m%eﬁn ) is

Q- aneiit)2p(22n (®)

2i
@~ ane 2 () a0
_ 2 1+a,e
= e ()* (1—anefit>pan(t)ea"(t)‘ @ ane 22 ()
@1 2 )
2O ae D " a0 O T we im0

_ 1 pan( ) 1
SO g e o™ O 91 ae O

Lo, 1(eq, () +

ea, (t)

, (1)

Hence,
2i 1
Ly, r(ea, () + (L —ane D2 () di ea" () - (1 —a,e~)pZ (1) can
5, (@) 1
Py, ()1 —ape™

®

eq, (1) = —eq, (),

from which, we obtain

€g,, -

2i d i 1p; @)
RS A (e P (dt Y2 2, (t))

By noting the de nition of g, 1 in (4.3), we see that the above equation is equivalent to
Lo, 1(ea, () + pu, 1(ea, ) = —ea, (0).
This con rms (4.5) and nishes the proof of the theorem. O

Remark 4.2. Equation (4.5) does not reduce to (3.3) when all the parameters a;’s are identical. In
fact, when aII a;'s are equal to a, the operators £, r and g, T, respectively, reduce to £,, and p up to
the factor 1, ie., £, 1 = 5L, and p,, 7 = 5p,. It is clear that (4.5) gives rise to (3.3).
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4.2 Complex variable setting

For a € D, denoted by P,(z) the Poisson kernel for the unit disc can be written as follows:

P(z)—i zeD (4.6)
YT E-a) - a2)’ ' '
Set .
P; (2) = ?aj (), z€eD @a.7
j=0
for vector @, = (ag, . ..,an_1,a,)" € D"*1. De ne L,, p by

1 a2 P;(2)d

Lupp = un(2) o Un( ) P2 @ P ()i (4.8)
with w,, = ﬁ. Let
h 2 d 1P (2)
=< (4 _= 4,
P (z — an)P; (2) ( dz 2P, (Z)> (4-9)
and
En,]D) = Eun,D + §uy, ,D- (410)

Theorem 4.3.  Suppose that the operator L, p and the g stem {Egz, } are defined in (4.10) and (1.1),
respecti yed . Then

Lop(Ez, (2)) = Ez, (2), ze€D. (4.11)
Proof.  With disintegrated computation, the proof is like that of Theorem 4.1 by invoking the identity
d an 1
—Ez; ()= Psz,_,(2)+ Ez ()= Pz (2) - Ez (2), ze€D.
dz ™" " 1—apz " " —ay, "
This completes the proof. O

4.3 From the complex TM system to the boundary TM system

This section addresses the relationship between £,,p and £, r. We will prove that by setting z = elt
in (4.11) so that we obtain (4.5). In fact, by setting

R(t) — 1 // ( 1t) _ l;n( 1t) ( 1t)
Pa2‘n (eit) an P3 (elt) an
2 1 PL(eM) .
+ _ E. ity _ Z”Ant" Ez it
@ —a)P2 @y | ) " p @)

and L(t) = Ez, (') = ez, (t), t € T, and by setting z = e’ in (4.11), the relation can be written as
R(t) = L(t).

The following theorem indicates that R(t) = —L,, t(eg, (¢)), from which we conclude that (4.11) with
z = et leads to (4.5).
Theorem 4.4. Suppose that L, 1 is the operator defined in (4.4) and R(t) is the right-hand side
of (4.11) ith z = e, Then R(t) = —L, 1(ea, (t))-
Proof.  Using the relations between Ez and ez, ,

Ej (") = —ie i) (1), teT,
El (") =1ie 21t(ea” () +ies (1)), teT,

and similar relations for Pz, and pz,,

P; (€M) =elpz (1), teT,



Chen Q H et al. Sci China Math  October 2019 Vol. 62 No. 10 1971

P; (e") = —e " (pg, (t) +ip;, (1), teT,

we have
RO = oy 65, O+ 64,00 - emipi’;f? z;pifn O Ciyeter, 1y
e CIRCKCR S ea0)
= e O - o) - (t);(")’d‘n D,
* E G| 0T )
R YLD
Y eiw Q [‘ 0+ e 0+ 31 )
oo
Ta- anemit)pén Q [ 0 0+ FE . 0)
= Lo, 768, 0) — a7, (0) = ~Larle, ()
This completes the proof of the theorem. 0

5 Upper half-plane

There is a parallel theory for TM systems on the upper half-plane. In the upper half-plane context, we
say f € HP(CT), 0 < p < oo, if f is analytic on C* and sup,, [ |f(z + iy)|[Pdz = ||fH§},)(C+) < o0.
When p = oo, we write f € H>°(C™) for the totality of all the bounded analytic functions on C*, and
we give H>°(C*) the norm || f|| o (c+) = SUP,ec+ |f(w)]. The relation between f € HP(C*) and their
non-tangential boundary limits on R is the same as for the unit disc. H2(C*) has inner product

(F)es = | S05Ddr. f.g. H(CH.

For a given parameter sequence {)\,}>°, C C*, the corresponding TM system {85}l on the upper
half-plane C™ is \/7

1Im{/\ Yot o,
B (2) = Hz S zect, neizy, (5.1)
n Z—An =0 ? -
with vector X, = (Ao, - .., An_1, An)T € (CH)™FL. Under the condition Yorco % = o0, {#; }isan

orthonormal baS|s of the Hardy space H?(Ct),1 < p < oo.
The corresponding boundary TM systerrc/{ﬂxn};';o on the upper-half plane case is

%lm{)\n} n—1 t—

s
= =2 teR, n=01,... (5.2)
t—An o t— A
j=0 J

BO=, 5=
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5.1 For a boundary TM system on the upper half-plane

For )\ € C*, the Poisson kernel ¢, on the real line is de ned by

2Im{\}
ORI (53)
Generally, for vector Xn =055 A1, An) T, set
a,0= §B,O. teR (54)
j=0

For a sequence {Xn :n =0,1,...} of parameter vectors on the upper half-plane, de ne the operator
sequence L,,, by
2

l:un, = Up (t) un (t) - Un (t) dt2

with u,, = % Essentially,
A

n

+ un(t)uy, (t) = (5.5)

1 &2 45,04

Lun,]R = 2 72 - 3 5,
Q;\‘n ) dt an () dt
Set "0
2 d 14z (@ )
k= — = — = 5.6
Ot S CANE O (i 0 69
and

En,R = Lun R + pun,]R' (57)

Theorem 5.1.  Suppose that the operator L, r and the g stem {an} are defined in (5.7) and (5.2),
respecti yed . Then

Log(B; (D)= —B5 (1), teR (5.8)
Proof.  The identity

(t = ). (0) =‘/ “ImQv) H =

Jj= 0 )\
implies that
5,0 = (15,0~ =5 ) 55,0
Furthermore, we have
v = {iq'xn(tw(t_i - O s, (t)}m 0.
Then
. RN YN
(G5 ) = (t)ﬁ 0~ 5.0
l 2
(t)(%O W 20— qA())ﬂA 0
(t)( ") - )ﬁ 0
g5
%n(t) An An

!

_ 2 L 2i 5 )
‘((t—xn)%gn(t) ' (t—mq;n(t)+(t—An)q§n(t)>BM(t)
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and

_ 2 , 145 @)
Pu, k(B (1)) = W (5;71(75) 24 a5, ()BA ( ))

_ 2 145z @)
= (107550 35:65.0)
3 2i - 2 g ( ) }
- (o WG O CAPEO Gl @)%

Therefore, ﬁumR(ﬁxn @) + PumR(ﬂxn @) = —B5, (t). This completes the proof of this theorem. O

5.2 For TM systems on the upper half-plane

For A € C*, we extend the Poisson kernel g, to the complex plane

_ 2Im{A}
and
QX” () = ﬁ;w (z), zeC (5.10)
j=0
for vector X, = (Mo, - - -, An_1, An)T € (CH)nFL,

For the sequence {/\n :n =0,1,...} of parameter vectors, de ne the operator sequence £, c+ by

Loper = un()un() o = ot *
wn,C+ = Un(z un z
2 e dz Q2 [©)

>

Mﬁ.mﬁxTﬁx%&MTd(\ﬁl 79’1‘63’96?1‘4920(915 [ ] 1 6 ; E
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6 From the upper half-plane to the unit disc

This section will establish a relationship between the operators £,, ¢+ and £,, p. To build a bridge between
L, c+ and L, p, we use the Caley transform x : D — C*t:

11—z
K(Z)—I1+

, ze€D,
z

which is a bijection between D and C* with inverse k! : CT — D,
=2z i
= — CcT.
k™ (2) . ¢ €

The following identity is crucial. It establishes a relationship between g5 and Ej, through the compo-
sition of «:

By k() = Col+ 2)Eq, (), z€D,

where (\;,a;) € CT x D is the «-pair ruled by \; = x(a;) = i=—% or aj = k1) = =X for

1+a, i+A;
j€{0,1,....,n}, C; = Tela and

: l1+a 1+a
i — (_ n+1; n J
¢ 1 I\1+ 1_[1+ch

Replacing z € Ct by k(z) € Ct,z €D, in (5.14), we get R(z) = L(z), z € D, with

) - 95O ey
Q3 (w() %

- 2 5 (e - LD
G~ M@ GG |5 T 205 )

e < Bk

Sy O, (R(2))

and
L(z) = —B5, (k(x)) =—-C1(1+ 2)Ez,(2), ze€D.

The following theorem shows that R(z) = —C1(1+ 2)L,, n(Ez, () so that (5.14) reduces to (4.11) when
we replace z € CT by «(z) for z € D in (5.14).

Theorem 6.1.  Suppose that L, p is the operator defined in (4.10) and R(z) is the right-hand side
of (5.14) ghen ge replace z € Ct & k(2),z€D. Then R(z) = —C1(1 + 2)L, n(Ez,(2)), z € D.

Proof. We rst prove two identities associated with the derivatives of By
B (5(2) = 5C1(+ 2[Es, () + (L+ By (], z€D
and

N”(H(Z)) =-C %(1 + 2)5Egn )+0+ z)4E(’;n (=) + %(1 +2)°E; (2)|, z€D.

>l

Similarly, by noting that fllml(AAP = 1(1 - |a?) for k-pair (\,a), Q5 satis es both

Q5, (5N = 3+ 2 Pr, (), €D,
and

Q (N = S A+ Pr, () + (A +2)'PL (), €D
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By substituting the expressions of Qs (k(2)), Q’ (m(z)) and g ”(n(z)) j = 0,1,2, into the above
equation, it follows that

R(z) = 4(1 + 2)~*

(-C)| G+ 2P B () + QL+ B () + 50+ i )

P2 ( )
s(L+2)%Pg, (2) + {(1+ 2)*PL (2) )
-2 v oy ]433”’ e 101 L+ 2)2[Eq, (2) + (1 + 2)EL (2)]
2 !
" O I ST E ){ Cr(1+ 2)*[Fa, () + (L + 2)F}, ()]
151+ 2)%Py,(2) + (1 + 2)* P} (2)
"2 T+ 2P, () Gl +2)5a, (z)}'
After some calculations, we get
—ﬁﬁ?(z) = ZNe) [E7 (2) +4(L+ 2) B} (2) +2(1 + 2) °Eg, (2)]
2 Ez,(2) L P () L EL () PL(?)
SAr AT A lPsn(z)Ea"(z)‘z(“z) e e
2 i, P; (2)
TG A IAF L () [zEdn(Z) T AP0 )}
[Ef (z) +2(1+2)'E; ()] - (1+2)"! WAG ) (2) — WAQ) L (2)
P2 (2) P2 (2) Fa, P3 ()
2 i, i P (2 )
TG ) IA+ 2P () [ZE‘W) 1P () )}
= Edn (Z)
Recalling the operator £, p with u, = Pz, (%), noting that x(z) — A\, = —1f;n lef; for the x-pair
(An,an) and
27 %0
C(5(x) — M)t (1+z)2P2 (2) |2 . 4P ()
2(1 + ay) 1[ , _}P/ (z) }
al e =ae) ) +2)7HE; (2) Eaw ()
_ 2 z y 1P; (2)
- (z—an>P§,L<z)(““")(l 1+) [E( e }
_ 2 120 P (2)
_(zan)P(%n(Z)( 1+ )[ n P () ]
_ 2 , 1P; (2)
= oo, (D)~ pr [P )~ 5 P )
we obtain
——R(2) = (Ez, (=) +2(1+2)7 ! ; ) -1+ ( )E (2)
Cr(1+2) fun D P2 (2) PS() o
1P
#6005 () ~ G | B ) 5 ey B )
= L?L,D(Eﬁn (Z)) + @un,D(Ean (Z))

= Lnp(Ea,(2))-

This completes the proof of the theorem. O
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