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Abstract: In this paper we identify certain classes of non-stretch map-
pings that enjoy a sharp estimate of the Beurling-Ahlfors operator. We
first make use of a property of subharmonic functions to prove that
the Banuelos-Wang conjecture and the Iwaniec conjecture are true for
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quation. By utilizing the principal solutions of Beltrami equations, we
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which the Banuelos-Wang conjecture and the Iwaniec conjecture are
true.
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1 Introduction

The Beurling-Ahlfors operator T is defined on LP(C), 1 <p < oo, by

Y4
TF(z) = —pv C%dm( ) (1.1)

where pv means the Cauchy principal value and m is the Lebesgue measure in
the plane C. The Beurling-Ahlfors operator arises naturally in the study of the
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solutions of Beltrami equations [3, 5]. This operator and its multidimensional ana-
logues are fundamental tools in several areas including quasiconformal mappings,
partial differential equations, calculus of variations and differential geometry (see
3,4, 5, 8, 18, 25, 30] and the references therein for more details).

For a function f =u+iv: C — C, we denote its formal partial derivatives by

_ 1 . 1 .
of =F, = E(fx +ify) = §(ux —Vy +i(Uy + Vx));
1 . 1 .
of =f, = §(fx —ify) = §(Ux +Vy +i(Vx — Uy));
and write
Df = X .

Let Wl;p((C; C), 1 < p < o0, be the homogenous Sobolev space of complex-valued
locally integrable functions in the plane whose distributional first derivatives are in
LP(C). A function f : C — C is called radial if f(re' ) = g(r), while, f is said to
be a stretch mapping if it is of the form f(re' ) = g(



The validity of the Sverdk conjecture implies that of the Bafiuelos-Wang con-
jecture (see Section 1 in [7] for a proof). By the Burkholder inequality (p16-17 in
[13])

p(1L— 2P H(p" = DIBF| — [BF)(8F| + [BF)°* < (" — 1?IGFP —[F % (15

the Banuelos-Wang conjecture in turn implies the Iwaniec conjecture.

In 1952, Morrey [28] conjectured that the rank-one convexity of a functional
F : M(m;n) — R does not imply its quasiconvexity when both m and n are at
least 2, where M (m; n) denotes the set of all m x n matrices with real entries. Due
to the rank-one convexity of the Burkholder functional and the Sverdk functional,
the above three conjectures are also closely connected with the Morrey conjecture.
One can see Section 5 in [7] or [32] for a precise statement of these relations.

Baitiuelos and Wang [11] used martingale inequalities [13] to show that || T||Lec) <
4(p* — 1). Utilizing an analytic approach with Bellman functions, Nazarov and
Volberg [29] improved it and got 2(p* — 1). So far, the best result is ||T||Lr(c) <
1:575(p*—1), obtained by Banuelos and Janakiraman [9] by probabilistic techniques
of Burkholder [13, 14]. One can refer to [12, 21] for its asymptotical estimates and
see [19, 20] for the LP-norm estimates of the powers T".

On one hand, there have been efforts to decrease the constant C in the inequality

[|TF||Locy < C(p* — 1)|[F|Le(c) (1.6)

for all functions f € LP(C), while, on the other hand, there were results establishing
this inequality with C = 1 but just for particular subclasses of LP(C).

Baernstein and Montgomery-Smith [7] showed that the Banuelos-Wang conjec-
ture holds for every stretch mapping f € S N WZXP(C;C) and consequently the
Iwaniec conjecture is valid for this class of mappings. Recently, Volberg [32] ex-
tended the above result to complex radial functions.

Theorem A. If a complex valued function f has an expression
f(z) =f(z); feC5(C);

then it follows
[|TF||Lrcy < (p" — DIIF|[Lr(c): (1.7)

Let H be a separable Hilbert space over R with norm | - | and scalar product
<.-> and F : C — H belong to LP(C). Banuelos and Osc¢kowski [10] used mar-
tingale inequalities to show that the inequality (1.7) holds for all radial functions
F and the constant p* — 1 is the best possible for 1 <p < 2.

Let € be a simply-connected domain of C. Recall that a harmonic mapping
defined on €2 is a solution of the conjugate Beltrami equation

fz — afz (1.8)
in W,52(Q), where a is analytic and |a] <1 on Q. We refer to [17, 22, 23] for the

loc
study of harmonic mappings. In [7], Baernstein and Montgomery-Smith proved

the following



Theorem B. If f ¢ WP(C;C), 1 < p < oo, is harmonic on C U co\{|z| = 1},



is called the Neumann series. When satisfies || || < k <1 and has a compact
support, the Neumann series converges in LP(C) norm, where K is a constant (see
pl63 in [5]). If is degenerative, i€e:, || ||o=1, the convergence of the Neumann
series is not easy to be determined. For some particular classes of degenerative
Beltrami coefficients , the convergence of their Neumann series can be determined
if there exist explicit representations of C and T (see Lemma 3.1).

If the conjugate of a Beltrami coefficient is analytic, then we call it a co-
analytic Beltrami coe cient. Let | be the identical mapping in this text. We show
that if ¥ 4+ 1 is a principal solution with a co-analytic Beltrami coefficient, then the
Banuelos-Wang conjecture and the Iwaniec conjecture are true for ¥ (see Theorem
3.1).

Moreover, using the Parseval formula we give two classes of principal solutions
T + | with degenerative Beltrami coefficients that enable the corresponding map-
pings T validating the Banuelos-Wang conjecture and the Iwaniec conjecture for
p =2 and p = 4 (see Example 3.2 and Theorem 3.2). We note that these mappings
are not stretch or complex radial.

This rest of this paper is organized as follows. In Section 2, using the fact that
the integral means of a subharmonic function are non-decreasing, we obtain the
proof of Theorem 1.1. In Section 3, we use principle solutions to construct several
classes of non-stretch mappings that validate the Banuelos-Wang conjecture and
the Iwaniec conjecture.

2 Proof of Theorem 1.1
Proof. By the assumption that g € W,-2(ID) and |a| < 1, we have that, as a solution
of (1.9), g is a locally quasiregular mapping of D. Consequently, it is open and sense
preserving. Denote by 7Z(g) the zero set of g. For any point zg € D\Z(g), there
exists a r > 0 such that logg is harmonic on D(zo;r) = {z||z — Zo| < r} and thus
g € C>*(D(zo;r)). Hence, by (1.10) we have g is ﬁ—harmonie on D(zo; r), that is,
g satisfies

00z = 0:0z; Z € D(Zo;1): (2.1)

Differentiating both sides of (2.1) in z, we obtain

Orzz = gz;gz; z € D(zo;1):

The assumption of the locally univalence of g implies that log g is locally univalent
on D(zp; r). By the Lewy theorem [27], the harmonicity of logg on D(Zo; r) implies
that the Jacobian Jiogg = 0 on D(zo;r) and consequently |g,] = 0 on D(zo;r).
Multiplying g, to both sides of the above equality, we have

020922z = 02202z, Z € ]D)(Zo; I’)I

Direct computation shows that

Alog|g.| =0 (2:2)
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holds for all z € D\Z(g). This implies that log|g,| is subharmonic on D. The
relation (1.9) and the subharmonicity of log |g;| and log |a| show that log|g,| is also
subharmonic on D. Hence, the logarithms of both |g;|(|g| +19-|)P~! and |g.|(|g.| +
|9.|)P~ are subharmonic on D. Thus, the functions themselves are subharmonic
on D.

Let f=go” and = % For any z € D°, it follows that

=007 =0;)=0 ()49 (),=-"g() (23
and )
f=(@07)=@0)=0 ()40 ()2=-()r (4
For z € D, we have
f,=(907):=0;; F,=(907), =0 (2.5)

By the definition of Bp(DF) and the assumption that f € WXP(C; C), we get from
(2.3), (2.4) and (2.5) that

Y4 Y4 7
B,(Df)dm = B,(Df)dm + B,(Df)dm
27 D De
= (P =Dlg-1g (g | +g h**dm( )
zzP
+ [l =1)lg |19 [1(1g [+1g Y [**~Pdm( )
zz°
= (=1~ **?]g |(lg | + g |)*"rdrd
zzb
+ [ =D PP —1]lg [(lg [ +1g )P~ 'rdrd =1+ 11;
D
where =re' . It is clear that | = 11 =0 when p =2. If 2 <p < o0, then | > 0.
Now we can also show that 11 > 0.
Write
ik | 4o
W =5 0lgl+lgD* d: l) =g lgllg|+]g["7d: (26)

Then I'l can be written as




r2p72

When 2 < p < oo, the inequality "72 — > 0 holds for 0 < r < 1. The
subharmonic property of the integrand of I1(r) implies that 11(r) is non-decreasing
for 0 <r <1, that is, dl1(r) > 0 a:e:. Hence, 11 > 0.

When 1 <p <2, Il > 0 is obvious and the inequality I > 0 can be deduced
from the non-decreasing property of I5(r) on (0;1) and the technique that we use
in the case 2 < p < oo. Thus, for 1 < p < oo, we have

Y4

B,(Df)dm > 0:
C

So, the Banuelos-Wang conjecture is true for a mapping f =go ” € V'Vl;p((C; C),
when @ satisfies the partial differential equation (1.9). As a consequence, the I-



for f € LP(C). Write

Q"f = P_o-{-z-o_(%(f); neN":

n

X
By induction, Q"( ) is well defined for all n € N*. If the series Q"( )
n=1
converges and its sum h belongs to LP(C), p > 2, then
f=z+C( +h) (3.3)
is a principal solution of the Beltrami equation
f, = f,:
Moreover, f, — 1 € LP(C), p > 2, and
f,=1+T( +h);, f,= + h:
Lemma 3.1. Let = z"z™, where n and m are integers. Then the following
relations hold. If n > m, then
£ Z)n+1
C z)=2z" ( A4
(o)) =2"— 2 (3.4)
and
C Sz mA£ 0,z e D
T( p)z)= 0 m=0;z €D; (3.5)
- (—nflszmntrj;z-‘rQ | Zc ID)C:
If n=m—1, then
C( o)) - - 3:6)
DRSS n+1 ’
and
T( bp)(z)=2z"z"" p: (3.7)
If n <m -2, then
Zm—(n+1) —
Cl 0)@) =~ (1= ™) o (3.8)
and ( )
m— (n-+ m
T (N om—(n+2) T om—1sn+1 : .
(D)) = (— D g™ (39)
Proof. Let = re' . By the definition of the Cauchy operator, we have
] 2z - . N zZ,
C( p)(z)=—-- - dm( )=-2 ™, (r)dr, (3.10)
c 0



where |
1 1

I,(r) = — d: 11
Z( ) 2 j | ler n,m+1( —Z) (3 )
When n > m, we obtain
1
12(r) = — i o (3.12)
Thus, it follows from (3.12) that
C Z)=-2  r,(rdr = - zeD°
and
Z Z
( )() |Z‘2nl()d l2n1(>d 1 msn+1 ™
C Z)=-2 "L (ndr+ "L (ndr = Mz 7z e D
. 0 ’ 12| ’ (n+1)

By the first equality of (3.2) of Lemma A, one can get (3.5).
The proofs of the cases n = m — 1 and n < m — 2 can be obtained by the

method used in the case N > m, we omit for simplicity. O]
Example 3.1. Let = z. Then a principal solution of the Beltrami equation
f,= of;
is given by
f(z)=2¢® -1 (3.13)
Proof. Choose m = 1;n =0 in Lemma 3.1. Then by the relation (3.7), we have
Q( p) =127 p:

The relation (3.5) gives
1
Q( ) =322 w
Hence, it follows from induction that

1
Q"( p)= mzz‘” p, neN':

X
Set Q°( p)= p. By the convergence of the series ~ Q"( p) and the fact

n=0 P
that its sum belongs to LP(C), p > 2, we have that f =z +C( [2,Q"( p)) is
a principal solution of the Beltrami equation f, =z pf,. Moreover, for z € D,

X
f(z) = z+C( Q" )
n=0
= z—(1—|z|2)+z(lz‘2+—1 Py L AREE
2° 3.2 (n+1)-nl
= zef - 1L
Similarly, for z € DF, we have f(z) = zex — 1. O
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Next, we will use principal solutions to construct several classes of mappings
validating the Banuelos-Wang conjecture and the Iwaniec conjecture.

Theorem 3.1. Let | be the identical mapping and is co-analytic on C. If T + 1
is a principal solution with the Beltrami coe cient p, then
YA
B,(Df)dm > 0; (3.14)
C

and the equality holds when p = 2.

Proof. The assumption on implies that can be represented by a power series
<X

anZz". Owing to (3.5), we have that pT(Z" p) =0 for all n € N*. Now the
n=0
linearity of the Beurling-Ahlfors operator implies

Q p(z)=0:

So,
Q"( p) =0, neN"
By the linearity of the Cauchy operator, we get

xX >
f+1=z24+C( Q" p)=z+ C(anz" p):
n=0 n=0
According to (3.4), we have
; X X > (Z—>n+1
— n — .
(2)= Cl@nz" p)= &7 (3.15)
n=0 n=0

Now we prove that f validates the Banuelos-Wang conjecture.

zz 7z 7z
B,(Df)dm =  B,(Df)Jdm+  B,(Df)dm =1 +II:
C D De

By (3.15), we have 77

X<
| = (p—1)]  anz"|Pdxdy;
D n=0
and
27 »¢ zz
1= ] iz |Pdxdy = | anz""?P|z|*dm(2):
D¢ n=o D n=0
Let z = re' . Then,
7 7
By(Dfjdm = | P((p—1)—r®~?

C D



Generally, it is difficult to explicitly represent a principal solution for a given
Beltrami coefficient. For some special classes of Beltrami coefficients, we can obtain
their explicit principal solutions and use them to construct non-stretch examples
validating the Banuelos-Wang conjecture and the Iwaniec conjecture.

Example 3.2. Let g(z) = f(z) —z + 1, where f(z) is given by Example 3.1. Then
VAVA YAA
B,(Dg)dm = 0; B4(Dg)dm > 0:
C C

Proof. By the equation (3.13), we get

_n e’ —1; lz| < 1; _n ze*; |z| <1, (3.16)
9 = e:—lex —1; |z|>1, ¥ 0 |z|>1 '
It follows from the Parseval formula that
Y4 , , > 1
(|ze*|* — |e* — 1]9)dm(z) = YPOvE (3.17)
D n=2 (n)
and 77
e? —ze? — 12 Xn-1
D 2| ey (N1
By the above two equations we have
YA Y4
e? —ze? — 12
B,(Dg)dm = (|ze*|* — |e* — 1> — | - | ydm(z) =0
C D 2|
X Zn
From the power series — of e, it follows that
=0 n'
X 9n-2 Xoon _9
7%e% = 2% (ef - 1) = —z", (3.19)
- (n—2)! _, n
(ez—ze2—1>z_x2”(n—2)+22r‘_ (3.20)
z B n+2 nl’ '

n=2

Next we prove the second assertion of Example 3.2. By direct calculations, we have

ZZ 7
By(Dg)dm = (3|9.* — |9|* + 69.]%(9z|* + 8|0z |9.[*)dm

C Zz(C

> (3. = |g.M)dm(z) = 11T —1V;
C
where
2z ZZ z z _ 2|2
= e e - pemey v - EE2E
D D
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Using the Parseval formula, we obtain from (3.19) and (3.20) that

_x 3.2 (2" —2)2(n +2)2 + [2"(n — 2) + 2
=1 - [(n—2)!]2(n+1){ 16 [(n—1)n(n + 2)]2 !
31 X 11 4n

= Ut i ypne ! T

The proof of Example 3.2 is now complete. O]
Moreover, we can get a more general result as follows

Theorem 3.2. Let | be the identical mapping and = 2z"z on C, where n > 1. If
T + 1 is a principal solution of the Beltrami equation with the Beltrami coe cient
o, then 77

C

Proof. By induction, we get from the equality (3.5) at Lemma 3.1 that

n1i1_1 skn+1). .

kK ki@eDFs SRS
Q - kn+k+1 1 .
k](n+l)k zkn+k+29

(3.21)

lz| > 1;
where k > 1. Hence, by the equality (3.4) of Lemma 3.1 we have
N 11 sko+z (7| <1

(k+1)! E
C@QY( 5= EPERTE S
(k+1)! (N+L)FFT ZR(nt DR |z| :

Then the representation (3.3) gives

ezt
f(z) =ze 1 —1z:
Moreover, it follows

5n+1

entt — 1, lz| < 1;

1 1
1 7 . .
e(n+D=nTT _ Zn+le(n+1)zn+1 —1; ‘Z‘ > 1;

fZ:

and
Z'n.-4—1

N7 .
f, =zz"e 1 p:

Using change of variable, we have

2z ZZ
B,(Df)dm = (3|F,|* — |F|* + 6|F, ||F, | + 8|F,||F.|*)dm
C ZZ(C
> BIf|* — |F,|Ydm =V —VI;
C
where 7
zn+1 zn+1
V= [BZ?™De* i |? — |(e7 T — 1)?Adm(2);
D
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and

7 2t 2l
(€% — 2t 1R
VI = i 7 dm(z):
X Zn
From the power series expansion e* = R it follows
n=0
Zn+1 n+1
(et —z"err — 1)
xX 1 2k — 9 1,z
= 22 (n +1)2 - n+1)— - :
g U T ) - )

Utilizing the Parseval formula, we obtain, from (3.19) and the above relation, that

V-VI=2 > ! {(3*22("*2)(n+1)4—M)
- (k=2)!(n4+1)k)2 k2(k — 1)2
1 2k —2 1 1
ot (9k-2 12 _ A L ¢
TS S vy W AU ROl gy y
The assumptions that n > 1 and kK > 2 imply that
2k — 2 1 ok ok 2
k—2 2 s (2 >
2°“(n+1) k_1(n+1 k) (2 k_1)(n+1)_0
and (2% —2)? 2% 3
92(k-2) 14 _ — >9%k 2 “9%k 5
e R r—5 70
Thus, we have
X 1 22k
V —-VI>2 ' - 2{§
ey (K=2)I(n+1)K)2 74 2k(n 4 1) + 2
_ kin+1) -3
22(k 2) 1 4 >0
O Y =2 T
Therefore, Theorem 3.2 follows. O
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