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1 Introduction

Rational approximation has a long history. In the one-dimensional case it is naturally related to complex
approximation (see [25]). Given a real-valued function f € LP(R) (1 < p < c0), it has the Hardy space
decomposition f = f* + f~, where f* and f~ are non-tangential boundary limits of analytic functions
belonging to, respectively, the Hardy space in the upper half plane and that in the lower half plane.
For %, we use holomorphic rational functions with poles in the lower half plane to approximate. The
real part of £*, being %f, then is approximated by the real part of the complex approximating rational
functions.

This paper is restricted to the case p = 2. In one dimension the criterion “best n-rational approxima-
tion” is formulated as follows. Let f be in the Hardy space H?(RZ) on the upper half plane R2 | find
co-prime polynomials p and g, both having degrees less or equal to n, and q does not have zero in R3 ,

such that
p

H q HW(Ri)
attains the minimum value of all the possible ones under the conditions of p and (. The existence of
the solution was proved many decades ago (see [25]). A practical algorithm of it, however, has not been
found. There have been several partial solutions (e.g. [1-3,15,20]). Solutions in the series approximation
form may be found, for instance, in the literature of orthogonal rational systems. Recently, the so-called
adaptive Fourier decomposition (AFD) based on Takenaka-Malmquist (TM) systems incorporating a
generalized backward shift process was proposed by Qian et al. in [15] and [20]. The decomposition
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obtained through this method offers a fast rational approximation of the given signal, besides, each
component has a well-defined instantaneous frequency function. The Newton gradient method based on
AFD gives a solution of the best n-rational approximation under the assumption that there is only one
local minimum. We note that AFD is more delicate and effective than matching pursuit (see below).

For higher-dimensional questions may be similarly formulated. Solutions, however, are not obvious.
The present paper will discuss some of these problems and give solutions.

Generalization of part of the works on AFD into higher dimensional spaces with dimensions not larger
than four was treated in [17], in the context of quaternionic analysis.

In general n-dimensional spaces with n > 4, the counterpart of the TM system has not been studied yet.
A natural way to do this is to use the Clifford algebra, but usually a Clifford number is not divisible, which
makes the problem still open. In spite of this, we note that the TM system can be generated from the set
of shifted Cauchy kernel functions (Szegé kernel functions). From this point of view and the matching
pursuit algorithm, in the Clifford algebra setting we obtained the adaptive decomposition of functions
in the monogenic Hardy spaces using dictionaries consisting of Szegd kernels (see [19]). The matching
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In this paper, we will investigate the higher-dimensional analogue of the cases studied in [26]. We
will use the collection of higher order Szegé kernels which take values in a Clifford algebra and are (left)
monogenic (see Section 2 for its definition) as a dictionary for the decomposition, because this dictionary
is extremely redundant, and what is more, the inner product of a function and a higher order Szeg6 kernel
can be easily computed out by a unified closed formula (see (3.7) and (4.1)). Unlike the case for complex-
valued functions, the higher order Szeg6 kernel functions for this setting do not have concrete or explicit
expressions, since the higher order partial derivatives are involved. Therefore the difficulties rise not only
in the computation, but also in proving the corresponding maximum selection criterion (1.2) with =1
being optimal. By Fourier transform and changing variables via Mobius transformation, we solve these
problems and thus obtain a more flexible way for nonlinear approximation of monogenic functions and
signals. As a consequence, we get a constructive proof for a kind of approximation theorems (Theorems 3.6
and 4.9) that is similar to the Runge’s approximation theorem (cf. [4]). However, the related convergence
rate remains open.

We will treat two kinds of monogenic Hardy spaces, namely, the monogenic Hardy spaces for the unit
ball and half space. The higher order Szegd kernel function in the dictionary in each context contains
two parameters. One is the discrete parameter k (a multi-index) which is exactly the order of the kernel
function. The other is the continuous parameter a which lies in the underlying spaces. It is interesting
to note that selection criterion (1.2) with =1 for the cases we study is an outcome of the fact that the
bound of the linear functional 7y . (see Sections 3 and 4) on H? increases to infinity as the parameters
tend to the boundary. These two parameters in fact correspond to the “frequency” and “amplitude”
respectively, hence our method provides an adaptive coherent representation of the given signal, from
which the implicit structure information of the signal can be easily detected.

If a scalar (real-valued) signal (or L? function) U is defined on the boundary of the unit ball or the half
space, then one can construct a non-scalar field V which is conjugate to U (see [19]), such that the pair
U +V is the boundary limit of some monogenic H? function F, in the sense of L? and almost everywhere.
This enables us to apply our method to F inside the domain. The recovery of U can be obtained by
taking the scalar part of the trace (boundary values) of the adaptive decomposition of F through higher
order Szegd kernels. Note that another simple but not adaptive approach for rational approximation of
F is to directly use the Taylor series, where the set of basic functions consists of Fueter polynomials (in
complex analysis they reduce to complex power functions). But in the case of half space the Taylor series
usually just converges in a smaller region. For example, F(z) = (z +1i)7!(z € RZ) is an H2 function in
the upper half plane RZ, its Talyor series is convergent only in D NRZ , where I) stands for the unit disc.

The paper is organized as follows. In Section 2, we give a quick review on Clifford analysis and
monogenic Hardy spaces. In Sections 3 and 4 we discuss the problems of adaptive decomposition by
higher order Szego kernels in the monogenic Hardy spaces for the unit ball and half space respectively.

2 Preliminaries

2.1 Cli ord algebra and Cli ord analysis

We shall use the real Clifford algebra <, of dimension 2™, generated from R™ = {X = X181+ - -+ X €, :

relationship
eie; +e;8,=—-2 5 Lj=1:,m,

in which ;; is the Kronecker delta function. 47, is an associative algebra whose element is of the form
X = > - Xrep, where T = {1 < iy < ip < --- < i; < m} runs over all ordered subsets of {1;:::;m},
X7 € R with Xy = Xo, and er = €;,€;, - - - ;, with the identity element ey = €g. ScX := Xg and NScX :=
X — Sc X are respectively called the scalar part and non-scalar part of X. The conjugate and the norm of
X are respectively defined by X := 3", X787 and |X| := Sc(xX) = (35 X3)/2, where 87 =&, - - - &, &,
with 8 = ep and & = —e; for i # 0. We have for any X;y;z € 4,, Xy = VX, (Xy)z = X(yz) and



4 Wang J X et al. Sci China Math

Ixy| < 2™/2|x|ly|. % = R, @ = C and % coincides with the quaternion algebra H. .7, is no longer
a division algebra when m > 3, but if X € &7, is of the special form like X = Z?;o X;e; € R™*1 then
obviously its inverse is given by x =1 = X=|x|?.

A function f(x) = Y. fr(x)er € CH(Q;.4,) is said to be left (right) monogenic in the open set
Q c R™*Lif and only if it satisfies the generalized Cauchy-Riemann equation

Df = e,— =20 fD = —e; = )

where the Dirac operator D is defined by D = % +VvV=>
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and there holds the quasi-Cauchy-Schwarz inequality
[(F;9)] < 2772([F[[322|g] |2

Moreover, the Cauchy’s integral formula holds for H?(B™) and H2(R7+1).
For more information about the monogenic Hardy spaces, please see [9,14].

3 The case for the unit ball

order Szegd kernel function is

k I—ax @'* I —ax
Tka(X) = @, ( +1> = Fopak % ( +1) ;
1 —ax|™ @ato@al -.-@aly \ |1 —ax|™

where |K| = E;ZO k;. It is easy to check that ”j o is left monogenic on the closure of B™, and hence 7 q
belongs to the Hardy space HP(B™) (0 < p < 00). Moreover, for any f € HP(B™) (1 < p < o0), there
holds

@@ =1 [ T(FOdS(); vacB™:

-m

In particular, for f € H?(B™) we have
(F; 7ha) = (@5F)(2): (3.1)
The key property for ”;, , that is crucial to this section is:

Proposition 3.1.  For any 0 <p < oo,

(& —Lym»
B (1= [af2) 7 ¥ ’ |

where p’ = Z% is the Holder conjugate of p.

Proof.  First, we assume that p # oo, then

. =& \[ 1 —a \[
. p L k([ 1—a _ k(__ <%
|| k.allyr = !m /m @a (|1_a |m+1> dS( ) !m/m @a (| _a|m+1) dS( )
1 P.( —a) |° .
~ 5 o [T s 9SO

where Py, is a homogeneous polynomial of degree |k| + 1. Changing variables by setting (cf. [10])

I t+a
++a_

= (H)=(1 +a)(1+é!)‘1:(1—\a|2)|! A T

which is in fact a special kind of Mobius transformation mapping the unit sphere S™ to itself, with the

inverse being given by
—a

| —aP?

1= 71)= w()=01~1aP)

The corresponding change of the surface area element reads

ds( ):(1_|a|2)md8(!):

|1 +al]?

So,

= Jom [PR(Y + )21 +aPm—P=2mdS(1)
(1~ [af2)rm=mik

I kallbe =
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o Jom |7 k0(Y +a)[P|1 +afPm2mdS(Y)
- (1~ [apyrm=mol
(F—1I)m> p
ke al I ok + @)y
. (1~ fai2) 7 |
As to the H* norm, it follows from
. [[1x +a]™ " k,0(X + )| e (gmy
|| k,U«HHOC = pli>nc}o || k#l”Hp = (1 — |a\2)7”+|k| O
Corollary 3.2.
Wi (X m
IWe (2o 59

” k,a”HQ = W'

where Wy (X) = @¥E(X) is an outer spherical monogenic (see [4]). And for e < P < oo, there exist

two positive constants Cym,p and Cpm p depending on K;m;p, such that

Ck,m,p

Ck,m,p .
(1= faf)7 1"

(1—[aj2)7 T .

< kallr <

Proof.  Observe that ”j (X + a) is a polynomial of degree |K|, so when p > we have

m
m+|k|
X + &l =™ (X + @)] < Crmplx + @& DM € Lr(sm)

m

11
even for a € S™, which implies that |||x + a|(P’ v
respect to a € B™. Consequently,

" k0(X + a)|[Lrmy is a continuous function with

0 < Chymp = min [[x+a|G ™

a€B™

’k}O(X + a.)”Lp(S'nL)

11y, .
S mgx Il + a|(P' P k,0(X +a)|[Lrsmy = Chom,p < 00
ae m

(3.4) is now proved. To prove (3.3), in view of (3.2) it suffices to show that
17 ko(X +a)l[L2@m) = (17 ko(X +8)[l32 = [[Wr(X)]| 2sm):
First, from

. Toax
1 —ax|m*t

" 0.a(X) =EX)E(x'-3a)

we know that
Tro(X+a) = (=) (K(Wr(Y))) ly=a-+a;

where (Kf)(X) := E(X)f(x!) is the Kelvin transform (see [6]). Secondly, the Taylor expansion of
7 k,0(X + @) reads

||
ro(X+a) = > Va ()((05 7 1o (X +@))la=0) = > D Va(X)((05 " k,0(X))|s=a);
a=(a1,...,am,)EN™ =0 |a|=I
where V,(X) is an inner spherical monogenic of order |_| (see [4,6]), @z = %. It follows that
a ° @
(see [4,21])
k| 2
17 ko (x+ @)l Faemy = 3| D Val)(@27 k000 =a) |
1=0 ! |a|=t L2(s™)
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Note that @z 7 ,0(X) is a homogeneous polynomial of order |k| —|_], so, if | < [K|, the norm

2

> Va(X)((@27 k.0(X))e=a)

la|=l

L2(S™)
will take the minimum value 0 at the point @ = 0. Therefore, for all a € B"™ we have
17 ko(X + )l L2my 2= 17k 0(X) [ L2@my = KW (X))l L2sm) = [Wr(X)[[2¢5m):

The proof of (3.3) is complete.
Corollary 3.3.  For each (k;a) € N™*1 x B™, define the linear functional Ty, on H2(B™) by

Traf = (F,710) = (@FF)(@); f e HZ(B™);

then
[ Trall = (1—1al)~% ¥ as [a] = 17

where by A < B we mean that A= O(B) and B = O(A) simultaneously hold.

Proof.  Since
“ka ka = ka ka SR,
we have the Cauchy-Schwarz inequality
[(F 7 k)| < ([ Flla2ll 7 k,all2ezs

and

|| ,k,a ‘3—[2 - <,k:,a; ,k:,a> - (@f,k,a(x)”az:a:

Hence, || Tk.all = || * k.all22, and (3.4) in Corollary 3.2 tells us that

2 X —laj)~ %~ as |a| — 1
) 1 [kl 1

7 k,a

Let
1 — Ja]?x/?
[1 —ax|m*+1

Pra(X) = @) ( ) ;. (k;a) e N B™

be the higher order Poisson kernel function for the harmonic Hardy space H?(B™) (consisting of all
functions that are harmonic on B™ and satisfy the same norm condition for #2(B™)). Define the linear

functional Ty, on H?(B™) by
Traf = (F;Pra) = (0)F)(a); FeH?*B™):

Then we have
Corollary 3.4.  ||Tr.ll < (1 —a)~ % * as|a = 1~:
Proof. Tt is clear that

ITeall = IPrallaz = IPrallL2@my:
From

(" k0 Pra) | < |17 kall 2 IPr,all 12
we conclude that . .

Pralli > I ij,a,Pk,a>| _ (@ l:,a(x))|x=a el
17 kol 22 17 k,all o

On the other hand, the following estimate (see [18])

(1 —[a) % *|@5F) (@) < Crumlfllm=;  VF € HZ(B™)

implies that | Tr.a|| = O((1 — |al)~% /¥ as Ja] — 1~
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Next we will study the adaptive decomposition for functions in H?(B™). We shall use the following
dictionary
D= {ek,a = # : (k,a) S Nm+l X Bm}
17 kall2e2

Note that if each element ey, is regarded as a function of a, then it satisfies e; ,D = 0, which means
that ey, , is a finite linear combination of the elements in {e;, : lo = 0;|l] = |k|}. Hence D is a redundant
dictionary. In addition, D is complete, because

H?(B™) = span{eg, : a € B} C spanD:

For any T € H?(B™), according to the matching pursuit algorithm, there is an associated decomposition
(like (1.1))
f=> en.a(RFieyq) + R =S, F+ R, (3.6)
1=0
with the residues being similarly defined as in (1.3). From (3.1) we get the formula which will be
convenient for the computation of each coefficient:

(05 RF)(ar).

<le;ek'hal> = > .
|| ki,a H?—[2

(3.7)

Although generally a Clifford number is not invertible, owing to (3.5) the energy conservation law for
(3.6) still holds, i.e.,

IFI32 = > [(R'Fiew a2 + IR 300 (3-8)
=0

So, to make the decomposition converge as fast as possible, at every step we should select ey, 4, from D
such that

(R €4,.0,)| = sup [(R'F; )]: (3.9)
geD

The reachability of the supremum in (3.9) is a corollary of the following theorem.

Theorem 3.5.  Suppose T € H?(B™), then

lim |(f;ey.q)| =0 (3.10)

|k|—o00
holds uniformly with respect to a € B™. Write a = |a| , then

lim |(f;epq)| =0 (3.11)

la]—1—
holds uniformly with respect to (k; ) € N™*1 x §™,

Proof.  Let

Va(x)(@2F)(0)

E

Trn(X) =

WE

l

Il
o
X

be the Taylor series of T up to order N. For any > 0, there exists an N such that
[ —=Trnllaez < -
Therefore, if |K| > N, we will get

[(Fera)| = [(F =Trniera) + (Trniera) = (F = Trniena) < If=Trnlle <
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where we have used the fact that (T; n; "k.a) = (@5T v)(@) = 0, since T x is a polynomial of order less
than |[k|. (3.10) is now proved. To show (3.11), in view of (3.10), it is enough to show the case for any
fixed k. Now, for each k € N*1 we have

(05T (@)

[(Fera)| <[(F=Trniera) + (Trniera)| <IF—Trnle + e

Then (3.11) follows by observing that @¥T; x is a bounded function, and || ”4q|/32 — oo as [a] — 1~
(Corollary 3.2).
The proof of the theorem is complete. O

For the adaptive decomposition (3.6) subject to the constraint (maximum selection criterion) (3.9), we
have the following theorem.
Theorem 3.6.
1Suf — Fllzz = [R"™ |32 = 0 (n— 00); (3.12)

N7n+1

and for any K € and any compact subset ) of B™, the pointwise convergence

|(@5Sn)(a) — (€;F)(a)] = [(@;R"™F)(@)] =0 (n— o0) (3.13)

uniformly holds with respect to a € ).

Proof.  (3.12) follows from [13, Theorem 1] and the fact that D is a complete dictionary. (3.13) is a

consequence of (3.12) and the estimate

CromlIR™F |32
(1~ [ayF+

[(@;R™™H)(@)] = [(R™H; 7ha)| <R Flgez || 7 hall2ez <

4 The case for the half space

In this section, we will propose two methods for step by step optimal decomposition for functions in
HZ(RT*1). One is to use the isomorphism between H2(B™) and H2(R™*1). To this end, we let

1+X

(TH)(x) = Q%W
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D is a complete and redundant dictionary. Moreover, as a consequence of the Cauchy’s integral formula,
for any f € HZ(R7T*!) we have

@5f)(a
(Fiena) = w (4.1)
17 k.alloe2
and therefore
> > Xo + do
1l = Sel (@ 0a O], ,) = (8885 20220 ) | (1.2
Proposition 4.1.
D(m+2|k) [T2, Dk, + %
1" bl = Rt 2D iz L2 ) (52 @3)
2y )T + [K])
where |K| = |K| — Ko.
Lemma 4.2 (See [11,12]).  Leta€ RY™, f(x) = 22, x €R™. Then
=R ix ix
fA(K) _ e—27ri(g,g)e—27rao|£\ (1 + 71e1 4+ 4 mem) :
r(mil) 1] ]
where the Fourier transform is defined by
f(x):= [ F()e?mzdd :
NI _
Proof of Proposition 4.1. By Plancherel theorem and Lemma 4.2,
el = ) [ far EEEL
kallg2 = 5 o o a|¥+g|m+1 =
2
T m+1 ﬁ A
= ( m+1) @i{ff,+ (X)| dx
2 2 m ‘ : +a|m 1
m+1 m+1
_ F( 2+1) 2 :1 / @(12:6727ri<§,g>6727ra0@| 2dx
2 2 I‘Z(WLT) Rm™
e
= e (@ P[P et
2 m
(22T + [K)
where the last step is derived by virtue of the usual spherical coordinate transform. O

Remark 4.3. It is easy to verify from (4.3) that (2a9)™*2/¥l|| 7} 4||2,2 is a rational number.
Corollary 4.4.  For each (k;a) € N"*1 x RT™ define the linear functional Ty o on H?(RT*) by

Teaf = (Fi 71a) = (0:F)(2);  f € HA(RY™);

then
[ Tk,all = |7 kall2z < 88%7‘ | usag— 0"
Let
Pr.a(X) = 20} (m) i (k;a) e N Rt

be the higher order Poisson kernel function for the harmonic Hardy space HZ(RT+1). Define the linear
functional Ty , on HZ(RT+1) by

Teof = (F;Pr.) = (@5F)(a); F e H2RT,

then we have the following corollary.
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Corollary 4.5.
_ i L] +.
ITk,all = [IPk,allm2 < ag as ag — 0"
Proof. ~ We conclude from (4.2) that
IPk.allfrs = (Prai Pra) = (05Pr,a)(@) = 2[| 7 kall32: B
Theorem 4.6.  Suppose T € HZ(RT+1), then
lim [(F;epq)| =0 (4.4)
|k|— o0
holds uniformly with respect to a € R™*L:
li Tiepe) = i T era) =0 4.5
i [(Fie)| =l |(Fieca) (45)
holds uniformly with respect to (k;a) € N™*1 x R™ and
lim [(f;erq)] =0 (4.6)

la|—o0

holds uniformly with respect to (K;ag) € N™*1 x (0;00).

This theorem can be easily proved with the aid of the following two lemmas.
Lemma 4.7 (See [19]).  span{”qy;:b € RT*} = HZ(RTH):
Lemma 4.8.  For any fized b = by +b € RT*, we have

im [("op;€k,a)| =0 (4.7)

|k|]—o00
holds uniformly with respect to a € R™*L:

lim |<’0,b;ek7a>| = lim |<’o,b;ek’a>| =0 (48)

ap —0+ apg—ro0

holds uniformly with respect to (k;a) € N™*1 x R™ and

im [("o;€k.a)| =0 (4.9)

la|—o0

holds uniformly with respect to (K;ag) € N™*1 x (0;00).

Proof. By Plancherel theorem,

+a +b
Cm| me( (]1,6 |£+£E|gz+l )( \ﬂfgl"’“ )dl|

™ k,a

[(”0p;€ka)| =

72
Conl faom (O i) (%) Conj () (X)) x|

17 k.alloe

where for a complexified Clifford number x = Y2 xe; (X, € C, 0 < | < m) we define Conj(x) :=

m

=0 Xiey.
Appealing to Proposition 4.1 and Lemma 4.2, we obtain
Cpn(2 )I* (me |x|Fo|xq |*1 ...|Xm|kme—2‘ﬂ'(ao+bo)@|dl)
17 k.all7e
L(5 + KDT(m + [k [TZ, T(M5F)  (2a0) %+
™ me|k m a bo )Mkl
r(258), /o(m -+ 20K)) [T Tk + 3) (B0 + o)

[{”0,p;€k,a)| <
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. (2ag) 2 1! A . _
Since Tag+boy™F1AT attains its maximum at ag =

gives ['(z) ~ /2 =z(z=e)*, we have

m+2|k| m+2|k| \m+|k| _m
m bo, (2m+ 2|k |) se

m
2

[(”0.0:€k.a)| < Chy.m

2kl /T2 + [KNT(m + k[) [T, (kl+l)<m+|kl>_
m+|E‘ ?
il JP(m 20k T, Tk + 3)
3T T (m |\
< Cbg,m 27 |k‘
(m+\k\)\/m (2 )

w1 /m 7w J/T(ZF K]
<cbo,m|k|“(+k|) ol V12
2 r(5)
m m -7
< Cuplk (T 1K) gt
< Cym k|77

Hence we get (4.7), and we only need to show (4.8) and (4.9) for any fixed k € N™*1,
By (4.1) and (4.3),

a+b majk |Pr(a+Db)
’e a _C ma2+‘k| k T = .1 :C ma2 —_—
|< 0,bs Ck, >| k @a |a+b|7n+1 |a—|—b|m+2|k‘+l
Copmag " if ag is small:
< Ck,mag% if ag is large;

Cb,k,ma(?ﬂkl@rm*‘k‘ if |a| is large;
where Py, is a homogeneous polynomial of degree |k| + 1. (4.8) and (4.9) now become obvious.
Theorem 4.6 thus enables us to adaptively decompose a function f € HZ2(RT*?) in the form
f=> ena(R'Fieya)+ R
1=0

subject to

[(R'F; €1,0,)| = sup [(R'F; 9)):
g€D

Similar to Theorem 3.6, we accordingly have
Theorem 4.9.

[R™™ 1|32 = 0 (N — o0);
and for any k € N™*1 and any t > 0,
(0*R"1f)(a) = 0 (n — )

uniformly holds on {a € RT*! : Sc(a) > t}.

2 and Stirling’s formula

(4.10)

(4.11)

(4.12)

(4.13)
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